ALGEBRA II SOLUTIONS
Final Report, 2011.06.08

1.
(1)
28+ 2°+ 2+ 2+ 1= (2% +z+ 1)% is not irreducible over Z,.
@ . .
¥ yPr gt 41 = (B0, y™2t)P 4 1 = (X799’ + 1)? is not irreducible over F(y).
(3)
xt — 422 + 5= (22 — 2 —i)(2* — 2+ 1) is not irreducible over Q(i).
(4)
Let f(z) = 2* — 42% + 322 + 20 — 2+ /3 and g(z) = f(z + 1) = 2* — 322 + /3. Since
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which has no root in Q(v/3).(Since 2% — 5+ gz and x? — 3~ \/7— has no root in Q(v/3).)
Assume

g(r) = (2* + az + b)(2* — az + ¢),
then g(z) = 2* + (b + ¢ — a®)x? 4 (ac — ab)x + be. That is be = /3, ac —ab =0, b+ d — a®> = —3.
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Ifa:O,thenbz—g+73i§Z@(\/§),62—5—72'%@(\/5). If b = ¢, then

b=c= 3¢ Q(/3). So g(z) is irreducible over Q(v/3), and hence f(z) is irreducible over
Q(V3).

(5)
Let f(z) = 2* +22% + 2 + 3. Since f(1) =7, f(=1) =5, f(3) = 105 and f(—3) = 99, by Gauss
Lemma f(x) has no root in Q. Assume

f(x) = (2* + ax + 1)(2* — az + 3),

where a € Q, then f(z) = z* + (—a® + 4)2% + 2az + 3. That is 2a = 1 and —a® + 4 = 2, which is
impossible. Assume
f(z) = (2* + ax — 1)(z* — azx — 3),



where a € Q, then f(z) = 2* + (—a® — 4)2% — 2ax + 3. That is —2a = 1 and —a? — 4 = 2, which
is impossible. So f(z) is irreducible over Q.
2.
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5 . Note that

It’s clear that the roots of 2° — 2 are /2, /2w and v/2w?, where w =

(1)
Q(V2, V2w, V2w?) = Q(V2)(V2w) (V2w?) = Q(V2)(w) (V2e?) = Q(V2)(w) = Q(w)(V2)

and the minimal polynomial of w and /2 are 22 + z 4+ 1 and 2° — 2,
(2) The roots of 2% + x + 1 are w and w?.

Since Vo € Auty(Q(w,v/2)) sends the roots of 22 + x 4 1 to the roots of itself and sends
the roots of 2° — 2 to the roots of itself, Autg(Q(w,/2)) = {a,b,c,d, e, f}, where a satisfies the
conditions (I)(a), b satisfies the conditions (I)(b), ¢ satisfies the conditions (I)(c), d satisfies the
conditions (II)(a), e satisfies the conditions (IT)(b), f satisfies the conditions (II)(c) and (I), (I),
(a), (b), (c) in the table below.

DHwr—w (1) w — w?
(a) V2r— V2 (b) V2r— V2w (¢) V2+— V2u?

In fact, a = id, b = df = ed = fe, ¢ = de = ef = fd and d*> = id, €* = id, f? = id,
hence Auty(Q(w,v/2)) = {id,df, fd,d,e, f} = S3 which is Galois (Since the fixed field is Q).
And it’s has the subgroups {id, f}, {id, e}, {id,d}, {id,df, fd}, and the intermediate fields are
{id7 f}l = Q(\?/ﬁw)a {Zdv 6}/ = Q({'/ﬁuﬂ), {Zdv d}l = Q(\B/i), {Zda df, fd}/ = Q(w)

3.

It’s clear that K (u?) C K(u). Let f(x) = 2> —u? € K(u?)[z]. Since f(z) = 2* —u? € K(u?)[x],
which is irreducible over K (u?) and u is a root of f(x). So [K(u) : K(u?)] < 2. If [K(u) : K(u?)] =
2, then [K(u) : K| = [K(u) : K(u*)][K(u?) : K| = 2[K(u?) : K], but [K(u) : K] is odd, which is
impossible. Therefore [K(u) : K(u?)] = 1, that is K(u) = K(u?) and hence [K (u?) : K] is odd.

4.

Since every permutation can be split as the product of 2-cycles, S,, is generated by all the two
cycles in S,,.

Since (2 j) = (1 Z) (1 j) (1 z) for each 7 # j and 1 < 4,5 < n, S, is generated by (1 z)
fori=2,...,n.

Since (i —1 i) =(1 i—1)(1 4)(1 i—1)fori=2,..,n,S,is generated by (i —1 ) for
1=2,..,n

Since (

i—1 i) =720 fori=2,..,n, S, is generated by o and 7.
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Consider F' = Zy(u?), where u is transcendental over Zy, and consider K = Zy(u) which is an
extension field of F. Let f(z) = 2? — v? in F|x], then f(z) = (z — u)? in K[z] and u is a root of
multiplicity 2

Let g(x) € F|x] be the minimal polynomial of v, then ¢ = [F(v) : F| = deg(g).
Since g(x) € Flx] C F(u)[z] with root v, [F(u,v) : F(u)] < q.

So we have
[F(u,v) : F] = [F(u,v) : F(u)] [F(u) : F] < pq.
Since
[F(u,v) : F] = [F(u,v) : F(u)] [F(u) : F] = p[F(u,v) : F(u)]
and

[F(u,v) : F] = [F(u,v) : F(v)] [F(v) : F] = q[F(u,v): F(v)],
p | [F(u,v): F] and q | [F(u,v) : F].
Since ged(p,q) =1, pq | [F(u,v) : F|. Hence [F(u,v) : F] = pq.

By Theorem 5.6.5, there exists an extension field L of F' containing all roots of 27" — x. Let
K C L be the set of all roots of 2?" — z, and it’s clear that 0,1 € K. Let a,b,c € K and
a#0,b#0,c+#0, then a, b, c are roots of 27" — x. That is a?" —a =0, " —b =0, ¢* —c = 0.

(1) Since (a + b)P" = a?" + " = a + b and (ab)?" = a?" - " = ab, a + b and ab are roots
of 27" — x. That is a + b, ab € K.
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isaroot of 27 — x. That is — € K.
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(3) Since a,b,c € F(a,b,c) and F(a,b,c) is a field, a+b =b+a, a+ (b+c¢) = (a+b)+¢
a(b-c¢) = (a-b)e, a(b+ ¢) = ab+ ac and (a + b)c = ac + be are holds.

(4) Note that (—a)?" = (=1)"-a?". If p = 2, then (—a)?" = (-1)*"-a* =a* =a=—a. (-1 =1
in the field with characteristic 2) That is (— )2 — (= a) =0. If p > 2, then (—a)?" = —a?" = —a.
(p™ is odd) That is (—a)?" — (—a) = 0. Hence (—a) €

From (1)(2)(3)(4) we conclude that K is a field.



