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Quantum Operators

A quantum state can be represented by a

上些 vector 147 or its Hermitian conjugate
dual vector 41 known as a tea vector

If an operator A maps 14 E 10

⼼ A 14 ⼩
its Hermitian conjugate Āmaps 41 To 1

41 41 At Ci 0 0 ⼯

E 到

example spin operators

a 5 siǖ ˋ i
electron ⼆ ĒE _matrices

e I

T.ES⼆ 点 Sz ⼆ Ē E E
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Its easy to See that Sfsi ityz

are Hermitian matrices It turns out all

Observables in quantum mechanics can be

represented by Hermitian matrices

Let's try to diagondized Sy
0 ⼀入 ⼀

o.nl ⼆ 0 仁亡仁 0 入 Ē

Eigenequation Sylsy ⼆ Aylsy

到 1 1
is a ⼀四 b ⼠ a

REAL to lsy ⼆ Ē ÈKeigenvalues orthonormal

by È ÉK
basis

quantization of spin

Sy Ē Ē
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Orthonormal Eigenbasis

Te Hamiltonian of a quantum system can be

represented by a Hermitian matrix H ⼆ Ht
Its eigenvalues are energies __complex
HM Enln al Ht al En Conjugate

Now we would like to show that En is red

MIH 1以 ⼆ En Mln

nl Htn Ēaln
o

En Ēknln M 1 Hg_______

positive
Thus it leads to the relation EĒ ⼆ 0

Now we would like to show that

Mlm ⼆ Snm for En Em

The normalization part is easy_just
rescde the eigenvector so that am ⼯
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Now let's work out the orthogonal part

HIM ⼆ Enln 7 1 MIHM Encmln

ml H ⼆ 所 1 Em ⼀ MIHM Em mins

Upon subs traction it leads to Me relation

_Emkmln 0 min o
________ 1

non zero Orthogonal

Note For Ei Em Case the eigenstates m In are

not necessarily orthogonal But for

Hermitian matrices it is always possible
to construct an 0 So that the

eigenstates form an orthonormal basis
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Commentators

The commutator of two operators A B is

A B A B BA

If the commutator vanishes CAB 0 we

call that A B commute

example At B C A C B C

The proof is straightforward
At B C At B C C At B

ACCA t BCCB

A C B C

example CAB C A B C A C B

A BC A B C B A C

照比照 CAB ⼆ ABJC c.CA3

ABC ACBtACB CAB

A BC CB AC CA B

A B C t A C B
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IF CX YJ commutes with X Y

GCX ㄚ 0 Y 以ㄚ 0

the BCH formula simplifies

Ée Y e
Xt Yt 主ㄍㄚ

Note Te exponentialoperator et is defined
by its Taylor expansion

e
A Éǖ An

⼆ ⼆⼗ At ÌAIÉAI
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Momentum Operators
In quantum mechanics the operators X p
satisfy the canonical commutator

X p it ⼀ A 三点 Chbar

From the commutator it can be shown that

the momentum operator is represented as

p it ⼆OX

Choose A X B 录

A B 147 ⼆ CAB BA 14

x录 4 x 录 x 4们

ㄨ_ 4的 ⼀ ㄨ哥 ⼯ 4化

Because 4 x is arbitrary

d 录 I x ⼀塌 it

By comparison the momentum op is P 以表
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Displacement Operator
Lets study an interesting operator Da

a
Dla 4 x 4 x a

fhn the displacementop
X shift the particle to the

4 x 4化 a
right by a

Making use of Taylor expansion

4化 a 4 x 4反 a Íytxkai
⼆ Éiniuia the conceptual

power of operator

⼆

⼀ 場
e 4 x

By comparison the displacement op.is

Dla ēa录 e
iaplt

The displacement op Da is related to the

momentum OP.PE
p it 器 1

aio


