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Iartid Derivative

Lets review the notion ofdiferentiddflx
From to d 它

Tnhīfdf of 三 flxtox Xx
x

x lxtdx df 三 flxtdx fx

According to calculus it is easy 九 show that

df ⼆ ftdxtfx ftdxtfdxdx
df ⼆ 䘡 dx

不e notion of diferentid can be readily
generalized to the multi variable functions

df 三 flxtdx ytdy fx y

This is called the ttae differential off



z
partial derivative

When computing olddientid one finds

useful to define partial derivative

叕 想
X_X Y fay ftdxy fayj

X dx

Similarly one can define the partial derivative
with respect to the other variable y

f ei
fx YOY fay flxytdy fay

Y y y dy

What about the 2nd partial derivatives

Taking partial derivatives of 叕 and 發

表度 嘉 ⼆ 名

前借 ⼆ 器 ⼆ 灰 are

theul⽫ f
the same

sayaxay xy

录售 ⽫ f
Y ayz yy
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Skipping the proof as long as the 2回 partial
derivative is continuous

⼆
2 yox

⼆ 盛
⼦好ㄚ

example Find IS and 2nd partial derivatives

OF Me function fgy cosfxy ty

叕 ysincxy D器2 ytoscxy

發 xsincxy tzy ⼀ ⼩章2 hoscxy 2

最⼆ 年 fysincxy sincxy xyoscxy

器ㄚ 录 fxsincxyjtzy sincxy xycoscxy

Its clear that 䗺 最
Te order of taking
partial derivatives
doesn't matter 光
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total differential

df ⼆ flxtdx ytdy fay
⼆ flxtdxytdy ffytdy

fcx ytdy fcx y

Thus the total differential df Can be written

in the following Erm

df fxtdxytdytfxytdy
dxdx

fcxytdy ffx Y
dydy

df ⼆ 叕 dx 君dy 皆

example fcx y x Ey 2

df ⼆ 叕 dxt 哥 dy 2 Xdx 2yd Y

What if x y are not independent variables
Does the relation dffdxtfdy remain true
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example fgy Ry 2 and y x 2

fGycxsj xcx2J xEx4

df zxdx 4x3dx fzx

4PJdxor.itone trusts the partial derivatives 它

df zxdx zydy ndy zxdx

zxdx zx2

zxdxe.CZx 4 3

dxnmthis simple yet inspiring example one

should know that

df 叕 dxt 發 dy

is always true and does not rely on the

mutual independence of the variables
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exact inexact differentials

Sometimes we are given the Eeowingdifarenfid
A化 y dxt Bay dy E dfsy

and wonder whether it can be written as

the total differential of some fnfcx y

IF YES it is called exact differential

If Nope it is called inexact differential

Consider the total differential as below

df AGY dxt Bgyjdy
Its obvious that A ⼆⼆ and B 發ox

From the relation 逊
ayax

⼆ ⾄
2 xty

剥到 ⼆ 录借
2A
可

照
ox



turns out hat the above criterion is the
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necessary and Satient condition for the

differential to be exact 它

This is quite often encountered in field theory
The work done by the
external force is

so

OǙ忿 Ytdy Edx ⼗ Fydy
IF it is an exact dèferenid

_____________

the work done by the force can be written as

Edxt Tdy T.ci do

The force can be described by a potential Ü

發 ⼆ 發 exact differential

The potential exists and the force field is

called conservative
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Ditoent perspectives of fxy

For a given a fan it is natural to view it

as a 2D scene One can introduce an

nfxy additional variable Z

Is z fcx y
⼈ Thus there are many⾼ yL

x ways to look at the relation

I x_x y Z

dx ⼆ ⾶Ldy 是 dz

2 y Y x Z

d y 蛋Ldxt 是Idz
I

Reciprocity relation ⾶上 叕上 它

set dz ⼆ 0 dx 背上

dydy⼆ ⾶ zdx
multiply both equations together
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to ⼆ ⾶上您 Ldyf

⾶上⼀ 敠 ⼯ 皆

Cyclic Relation 影信 信 5 2

set dx ⼆ 0 0 ⼆ ⾶ zdy ⾶dzdy⼆ 0 習bdz
第4款 剟 dz ⼆ 0

⾶上側 i 剟

making use of the relation 剟y 叕 I
⾶上吾 㽝y

I YES I
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Taylor Series

The trick is similar to the single variable fn
but the algebra is more complicated

fcxy qtlaxxtayy
azxxxtazyyytazxyxy

⼗

The task is to find out all coefficients

I Zeroth order just plugin to Yo

fo 0 q checked V

2 first order taking录 first
s

叕化以 ⼆

qxtfaixtazifpeuginxo
to eater 器 0，0 ax

similarly one can compute ay

ay ⼆ 哥 0，0
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3 second order zero x 0，4⼆ O

器 2 azxi

發2
2 azyy 3ft

Zero xoto

䗺 ⼆

azxy 5fZeo xo.yao

collect all results together x

yoflX.yFfG委 xtgy
imdita

Í 叕 2器 發⾏

⼆ foo ⼗三哥 Xi

ÍEĪ 器有xixjt
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OR One can write the Taylor series in the
rather interesting form

發2 xi 2嘉 xy 嘉 y 2

x录 4剥
2
f

Thus Taylor Series can be written as

FGYFĚÈ x 計㖨 if
0，0

死 generalization is now clear

fgy Ei ox录 4年 If
Xoilo

here 比 ⼆ X_x and y y Yo


