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Complex Function

Lets start with the simplest case polynomial
Z xtiy
DfEFutiUSO.ioa mapping from Gy lol 以

example fz

Zflzkfxtiy2 fiy 2 ilzxy
Thus the red and imaginaryparts are

Ulxy Fy 2
ucykc Imz

Ulxy ⼆ 2XY

Plotingtheequipotential flt Rez

contours for Uay 以 y

They are orthogonal B
vyrcl

u u are harmonic functions

器2 發 2 2 0 四 7⾄ 0

similarly 抎 0
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trigonometric and hyperbolic functions

Making use of Eukrs equation
cosotisino

one can generalize to complex variable

0 z and obtain the expressions

cosz 乏eiztēizjsinzEE et

The hyperbolic functions are defined as

coshz 全 E E

sinhz 乏 E E

on the red axis EX

coshx 全⼼ Eēx
__________

t
even Function

Its reciprocal issechxsechxcoshx F
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on the red axis EX

sinhx 全 T_T
___________

b
Odd function

Its reciprocal is

schxcschxsinhx F

Te switch function

tanhx Sinhxcoshx

eēxetēx
It is clear from the fare
that tanhx runs between
I and ⼗⼆

⼆ Etanhx ⼆⼗ ⼆

Its reciprocal is cothx tanhxf
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From red To imaginary axis

Set z iy into togonometric functions

cosy 乏 e 44 ēicy
赱 EYE coshy

Similarly one can plug Eiyintosinz

sing Élēlě i 全 ⼼ _ē

isinhy

cosy coshy
㘥

sinciy isinhy o
a

Trigonometric functions on the imaginary axis
become hyperbolic functions on the red axis

It is also interesting to compute ashy
and sinhciy Or even more general cases
like oscxtiy sincxiiy coshcxiy
sinhcxtiy Try it out 皆
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Applications G D and f

For instance fake cos 4 x can be viewed

as the real part of some function

example compute the derivative 裝

8化 e osctxtisinax EETX

ed 4 Dx

⼆ B
44 x

et 3 4 i cos 4 xtisinax

e
3ㄨ

3 cosltx 4 Shtx

tie 4 cosltx 35in4ㄨ

表 Ecosax ⼆ Re 器

ENGcos4x 4s.in 4ㄨ
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Apply complex algebra E integration

example
fětosbxdxgcxkětosbxtisinbxkětibx

fib X a integrand ⼆ Reglx

W fgcxjdx ai e
的

const

dib sbxisinbxJeaYconst.dtibGib
e acosbxtbsinbx
cibz

ti E asinbxbcosbxjtamt.atb 2

I Reīr

⼆ di acosbxtbsinbx const
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complex logarithm
Introduce the logarithm function Lnz on the

complex plane and we run into some troubles

Z reo reikotz.my

0 Lnz m re
0 2 ⼼

enrticotzn T
_______

ˋ multiple
Lnz is NOT a function I valued ooo

Lnz is a multi valued function_
__________

example Ln ⼯

Ln I Lnlei2 ⼼ iznt 0 ⼟ 2朮 ⼟ 4成

example Lni

Lni Lnle 4 2⼼ i izn

ii ii ii ⼀
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元 make Lnz a single valued G one

can limit the angular range
enz enrtia T os.IT

Imz
Z re

r
不 e price to pay is

I tie
0 Rez the discontinuityvwyrm

ti E
T across the branch at

branch
cut

example en C Iti E en CIE

en ⼯ E en Ie
不 81 its

inencziea Iei it is in

en É ⼀ 去 E i ⼀ it 2尤 to
_______

a
discontinuous

uie
⼀ ⼆ E

op BB
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complex powers

Logarithm function enables us to compute
complex powers

complex number

complex number

example 2

zi ehzi ec.az ěhztizrn

ÉG2.52吤

EM oscaz isincenz
_____

ˋ
ET l

eT.fiis not coshzltis.in en2 It actually
has multiple values 0



10

example So i三⼀⼯ or not

i E eat e
2 Ln ezlnheilzn

e
2 en Iti 佳 2 们

eit 4 吤
e ⼯

single valued


