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Matrix 2

Matrix as tons of interesting properties Here we

are going to introduce several important ones

I Face 不 A

2 Determinant det A

3 Inverse Á

Lets start with the simplest 8 Trace

Tr A ⼆ E Aii
⼆ An 1 Azzt ⼗ANN

Ennq 不 ABC ⼆ TCBCA 不 CAB

TABC ECABCIEE Aij Bjfki
⼆

点 家 的
⼆

EBCA的
⼆ 不 BCA

Similarly 不 ABC ⼆

点 Acjhfki
⼆

点 CkiAcjBjk ⼆ 不 CAB
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Determinant

Determinant is a headache to teach 皆 The

main reason is Levi Civita tensor in its definition

Tke 3 3 matrix as a working example
An An AD

det A ⼆ 1A 1 ⼆
Tzif

As A 32

⼆ AnAzzA33 ⼗ Az As A31 ⼗ ABAziAsz

An Azsszt AnAz A33 ⼗ AB AzzAs

Observations ⼯231，12311 312

132 213 321

Can be written as CIF where R is the

permutation time To go back To ⼯23

231 ⼯32 ⼯23 ⼝ 2 even

321 123 ⼝ ⼯ Odd

It shall be clear that there are N permutations
3 6 它
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在 determinant of the matrix is defined as

det A ⼆

点 FIFA 只合照合照

all possible N 只分 123

permutations
不 e definition of det A leads to Laplace
expansion of the determinant

det A An G ⼗ Azfzt A 1393 mina
Ml

Anthonie

Af Azz Azs GFCǙ 台⾦管3
A 31 A 32 A33

MR

A11

9 G f f 2 A21 A23
Az Azz A 23 A31 A 33
A 31 A 32 A33

In general the water Gj 的

Cij
⼆ FIT Mij



example rotation matrix Rza in 3D
4

oso sino.co
Rzlo since Cos 0

choose the 3rd row
O O I for Laplace

expansion
⼆ o.li 1 01 I

IGSQ s.io

sino coso

D Rzko of ⼀ sit I

norm invariance
under Rz⼼ B

Roperties of Determinant

I 1 AT ⼆ 1

AldetA ⼆

F CIFAR.AZRzA3号
⼆

点 CIFAq AqzAg3
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2 1 AT ⼆ IAM
easy to see NFIÁFIAFV

3 1A 1 1 A 1 interchange 2 rowsloamns

EdetA ⼆ 点 Fl Abi A经馅

⼆

意
⼀⼾Ani A3是 As

p⾼
F AnAzgAzni 只是

⼝只名

Epon 1FAIR Azz A3号

det A YESBB

4 1入A 1 N 1 A 1

5 1 Al ⼆ 0 if Ai ⼆ Aj or A i A j

O O
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6 Adding a constant multiple of one RK

九 another Rk doesn'tchange the determinant

oso lsino sino.co

sinotioso cos o

⼗八 O O I

⼯
GSQ lsino
sinosinotiosocoso

ao lso f siio ioso
cofts.it I det Rzo remains

the same 它

7 IABI ⼆ 1 All Bl for square matrices

It can be generalized to multiple products

IAB 21 1All Bl 12 I

easy to use
hard to prove
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Inverse of a matrix

不 Many scientific questions Alx 1 Y

One would like to Know
operator A

the inverse operator o

事
Ály 1 O

input lx output IP

If A is a linear operator this can be done

easily as long as det A to B

det A ⼆ ⼀ 四 singular matrix

det A to non singular matrix

Suppose A isnonsingdar Á exists

Āly lx Áylx yjarbitrary
它

thus ÁA ⼆ ⼆

Alx 1 y ⼀ ⼝ A Ály l y

thus AÁ ⼆ ⼆
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The inverse operator Á in matrix form

Áii 前 Si

example rotation matrix 名⼼ in 3D

ˊ ˋ
oso sino.co

R since cos O

O O I

ii ⼝
IT

0 0
coso

0 I

i ⼝ ftp.sina 0 sino
I

ˊ ˋ
⼝ ososino.co
R RTsinocoso o

O O I

rotations RT RREI orthogonal matrix
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Roof is straightforward 它

CÁA
ij

⼆ ECÁKAkj ⼆ 底 E CkiAkj

I Ej case

CĀÀL ⼆ 前 共 Akifi ⼆ 前 1A 1 ⼆ I

2 itj case

Replacing A column by 扣 column

Because 2 columns he AKE Akj
Cithzjth are the same

IA 1 o

⼀ 四 IA 1 ⼆ E Aǘai E Akjsi ⼆ 0

Combine both results together

ÁAY ⼆

Scj ⼀ 四 ÁA ⼆⼆

Similarly one can show that AÁ⼆⼆


