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Stationary Point

a fix One can use deferential
To spot the maximin of

fxzhfyx a function 3
x ò

df O

x local max Or ui more

Gmiliarfomxzlocal min

器 dx 0 器 0

Furthermore one can use Taylor expansion to
describe the vicinity near the station 共

fcx fast fi Ex df 0

o

Ífx 4 x
2

⼀
正

Here on x_x Near the stationary pt
ㄨ I higher order terms can be ignored

Of a Éfx ox 2 Hxo 0 min

fix o Max

When fx 0 it can be complicated
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Stationary pt of multi variable h

The vicinities of stationary points of a

multi variable fnfcx y are complicated

min Basin
Max Pe.ak

and Saddle pt

But the differential works equally well

df ⼆ ⼀ 四 架 dx 哥 dy 0

Because dx dy are arbitrary it means

OF Gradient can be introduced
死

⼆

Jf 三 叕 等
2 F

df f.at_d EGY dy
可

⼆

arbitrary

加 Ǒf 0 0

Riley, Hobson & Bence (3rd edition) 
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There are many types of stationary pts
How can we tell By the t derivatives

Making use of Me Taylor expansion

f fcy fhyo
70

平燕 X Í ⾔最 Oxioxj ⼗⼀

不 troduce the red and symmetric matrix M

Mij
⼆ 器有 OR M 怒怒

In the vicinity of the stationary pt

of 全⾳器分 ⼼ ⼼分 主 him a

L stability
OR in matrix frm explicitly 它 analysis

of 全 比 4 妥妥
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T perform the stability analysis one needs

To diagondize the matrix M We will learn

how to do this in the linear algebra aten

Let us introduce two important properties
of a matrix first

Face tr M E Mi ⼆ Mi Mzz

Determinant detm
M M 12

Mzl Mzz
⼆ My Mzz ⼀ MRM 21

13 det M O

tr M O

⼝ det M 70

tr Mo

S det M 0 Riley, Hobson & Bence (3rd edition) 
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Stationary Points with constraints

Sometimes one needs 九 End the stationary pt
Of a fn fxy with some constraint ggy 0

The easiest way is usually the method of

Lagrange multiplier 它

Complicate the problem by adding one more

variable 八 号

_auxiliary variable
ft y 入 fgy ⼗八gcx y

Then write down Me stationary conditions

for ftx y 入

df 0 發 dxt 碧dy 桀 0

Because dx dy d入 are arbitrary

答 0 器 入器 O

器 岩 入學 o
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Me constraint is

6

automatically
satisfied YES

Example Find the maximum area Acxy ⼆ 4XY

Of the inscribed rectangle inside

the ellipse
Y x

Atx y 入 A Gy 入 day

where 0化 y 器 器 ⼯

管 管⼆⼆

so as explained before

與⼆ just gives the required constraint

䂬⼆ ⼀ 四 4 yt 器 x o ⼀ ⼝

等⼆ ⼀ 四 4 xt 䂬 y o 12

Now some algebra is in order

I x x 2 xy gives

8 xy 2入 器 学 O
_______

just IB
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入⼆ 4XY

Substitute back in CI

It 忌 x 4 xy 0 四 x三⾄
⼀ 加 x E

E

Substitute 入 into 2

4ft 录 y 4女 ⼆ ⼀ y三 É
y ⾔

不 us the maximal area of the inscribed

rectangle is
Ami 4 Fi Ě ⼆ 2 abn
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Example revisited

Making use of parametric angle at eliminate
the constraint x

acosoybs.io

The angular variable 0 is free now

A yj 4xy 4aoso.bsino

4abcososino

zabs.info OEQEE

The maximum occurs 岳

x acos 千 ⼆ 台
Amaf2abybs.in岳 ⼆ ⾔
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Geometric interpretation of 八

Lets move into the 3D pace Without any

constraint the total differential is

df 叕 dxt 哥 dyt 叕 d Z

Ōf di

If the gradient is not zero It 0

one can choose di dong with f so

that df Can increase or decrease

In consequence it cannot be the God

maximum nor Me eocd minimum

In short the stationary pt requires df ⼆

O_oŌf d E 0 Jf 0

T
arbitrary

What happens if diisti arbitrary
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With the constraint day Z ⼆ 0 d E can

⺟ fn 成
0 9 move on the

lifiyn surface
Bhhhf

dfo still holds B

But it leads to different criterion

Note hat Gyz 0 So Ùsdifereid
is also zero do O

d 0 50 d E 0 oi 成 ⼆ 0

The stationary condition now becomes

T.dE otdr.JO o

Ōf cannot have any in plane component

thus Jf 1150 f 入54 0

This is the geometric interpretation of the

Lagrange multiplier 八 号


