Chapter 1 First-Order Differential Equations
1.1 Preliminary Concepts
€ Differential equation: An equation containing the derivatives

of one or more dependent variables, e.g., y', dy Y,

dx ’
y, with respect to one or more independent variables, e.g.,
X, Is said to be a differential equation (D.E.)
B Ordinary D.E.: Single independent variable
y'+5y =3X
B Partial D.E.: Multiple independent variables

o’u 0%
—2 + —2 — O
OX~ oY

€ Order (F#): The order of a differential equation is the order
of the highest derivative that appears in the equation
ay"+by'+cy = f(x) (second-order)

€ Degree (=2 ): The power of the highest derivative

(y)? +y=¢e* (degree of 2)



€ Linearity: D.E. is linear if it has the form of
a (X)y™”+a  (X)y" P+ +ra(x)y+a,(x)y= f(X)
M Linear: 1. Degree of 1 for y and its derivatives
2. Equation contains no yx(y') term
3. Equation contains no nonlinear function of vy
B Nonlinear: Others

(y)Y+y=¢€*; (L-y)y'+2y=sinx; y"+siny=0

€ iz (Solution) 2. T_%
TR AR R a2 RS (XY, Y)=0 2z &k
y=y(X) > 52 ¥ s S AR 2R
& jzz2 o
(1) i@ f# (General solution) @ i f29 2 F sk > #2538 2.
Ja e S0 #ic
(2) #f% (Particular solution) : ¥ 23 f37 2. T & ¥ #c
z_ BT iE 2 f%
(3) £ f# (Singular solution) : w2 d & 37 X2 T8 ¥
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(1) B (explicit) & # % 7 ¢

(2) *£(implicit) & # % 7 ¢

F 224153 5 6(XY,C,.0C,) =0

& JiifaY g d R e Eolh R 2 Y

v L v A I e
WF A g

e iE i AR —BXEETY 2 g2 AP RE

F2 % A= 4ei% i (Initial condition )
Ex1: Consider the initial value problem

y'+y=2;y(1)=-5

[f%] : The general solution of y'+y=2 is y=2+ke™

y) =2+ ket =5
k=-7e
y=2-7ee *=2-7e D

As acheck, y1)=2-7=-5



(f2]: 1.7 5d X rZ%#wy=cx—cC
dy,, _dy
—) = x(—=)+y=
(dx) (dx) y

y=CX—C
y=x-1 (c=1)
1.2
=—X
y 4

v

ED

ETIRS

B O.D.E.z i 2

B O.D.E.z 2
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y=x-1 S ¢ Fg?¢ 2- 32 M, a

1 s v ya
y=zx2 T ] R EE




F PR AW A B AR
® i Ea s RN E AT NG T AA AN
1) y'=1fxy)
(2) M(x,y)dx+ N(x,y)dy=0
& 35705
0) E&F A y'=X, y:%x2+c
(1) 7 2 4%k
(2) & HED & ¥ A AR

(3) P AL F oA S A2

1.2 Separable Equations
& TR EANZ S E N s AR
(1) ¥ 2 & g fcy
(2) 7 Hyd Raga s ()F

® F SRR LY = 00R(Y)

dy
fz(Y) = f, (x)dx

f( 7 jf(mdx+c
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® AR B MM, (Y)dx+ N, (0N, (y)dy =0

ML) g, No) o
NGO M(Y)

J.Ml(x) dX+'[ NZ(y) dy=C
N, (X) M. (y)
Ex3: £7 7] O.D.E.2 i f2: y'=y%"

[f#]

Ex4(a): Solve the initial value problem y'=y%™; y(1) =4

[f#]



Ex4(b) : £7 5 O.D.E.z2 iz : (L+x)y+2xylny=0

[f#]

Ex5: Estimate the time of death. The body is in a room that is
kept at a constant 68°F. Body temperature is decreasing. Initial
body temperature is 98.6°F. By observing the body’s current
temperature, estimate the time of death. The rate of radiated heat
energy into the room is proportional to the difference in

temperature between the body and the room.

[i#]:



Ex6: Radioactive decay and carbon dating. Mass is converted to
energy by radiation. The change rate of mass is proportional to

the mass itself.

[i#]:



EX7: A culture contains By number of bacteria initially. At the
time of 1 hour, the number of bacteria is 2By. If the growth rate
of bacteria is proportional to the number of bacteria N(t)
presented at time t, determine the time required for the number

of bacteria to 10B,.

[i#]:
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Exercise A:

1. xy+y=y> {y=cxy+1}

2. 2yy' =& y(#) =-2 {y=—Vx}

3. An object having a temperature of 90 degrees Fahrenheit is
placed into an environment kept at 60 degrees. Ten minutes
later, the object has cooled to 88 degrees. What will be the
temperature of the object after it has been in this environment

for 20 minutes? How long will it take for the object to cool to

2
65 degrees? { T(20)=60+ 30(%) =86.13  °F,

t= M ~ 259.7 minutes}
In(14/15)

4. A radioactive element has a half-life of In(2) weeks. If
e’ tons are present at a given time, how much will be left 3

3/In2
weeks later? { A(3) =¢€’ (%) =1 ton}

5. Given that 12 grams of a radioactive element decays to 9.1
grams in 4 minutes, what is the half-life of this element?

{t= _InTZ ~10.02 minutes}

11



& ¥ i5d @i 2 Separable Equations
(1) £ 2= OD.E.
(2) 415 5 (ax+by+c)dx+(a,x+b,y+c,)dy=0

(3) 438 5 y'= f(ax+by+c)

1.6 % ¥ = (Homogeneous) O.D.E.

2k y =1 (orf})) 3 4r&% ODE
X y

(1) If f(Ax,Ay)=f(x,y) » pl® 5 4 re#= OD.E.
(2) If M(AX,AY)=A"M(X,y) > N(Ax,Ay) = A"N(X,y), B

H %4 pes= ODE

12



EX8 : Ff2T FIcA = 4258 1 (Xx—/xy)y'=y
[f#] -
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Ex9 : &7 5] O.D.E.2 i fz: (3xy+Yy?)+(X° +xy)%:0
X

[f#]

14



[EFEI
e (e y'= (X y) 5 3 FeA = F s > 4850
B s v oy (Y
RV 4R .vy—f(x)
—X_v,—:y vX » ¥ dy =vdx+ xdv
X

2. ¢ a(HEH)M(X, Y)dXx+ N(X, y)dy =0 7 & pEa=x & fic~ =

#2 ;7\

wmags Lo Lyns
Xm ym

M (L)dx+ N(&)dy =0
X X

4 X_v,—:y vX » ¥ dy =vdx+ xdv
X
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Ex10: Suppose a person jumps into a canal of constant width
w and swims toward a fixed point directly opposite the point of
entry into the canal. The person’s speed is v and the water
current’s speed is s. Assume that on the way across, the
swimmer always orients to point toward the target. We want to

determine the swimmer’s trajectory.

'
‘ (x,y)

v sinf @)

|

|

X

: v cosla)
|

(0, 0) (w, 0)

FIGURE 1.14 The swimmer s path.
(2] x'(t)=—vcos(a) and y'(t)=s-vsin(a)

dy _ y'(t) s—vsin(a)

= tan(a)—isec(a)

dx x'(t) -vcos(a) v
tan(a):% and sec(a):% X° +y?

dx x vXx dx x v

£ y=ux, dy=udx+xdu, UdXJ—Xdu:u—E\/HuZ
X v

u+xd—u:u—E 1+u® ,;du =—§£dx
dx Vv 1+ u? V X
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d 1 1 2u
—(In‘u+\/1+u2 )= £1+——)
du u+vi+u?l 241+u?

1. U :\/l+u2 +U
V1+u? Ji+u?

i(In‘u +/1+U°
du
In‘u +/1+Uu?

)= 1 Ji+u*+u 1
U+vl+u? V1+u? J1+u?

S =S =S
:—;In|x|+C:In|x|v +Ine® :In(ec|x|vj

S
U++v1l+u? =KxV
S 2s S

1+u? =Kx vV —u, 1+u?=K?x v —2Kux ¥ +u?

K2x v -1 1. =2 11 °3

(x)= = (X)=§ o X
2Kx v

1. 1> 11

:_K A, Vl :Ol
() =Sk -2 xS, ()

S S 2s
EKWLV_ELW V—O, KW_V:iWJrV K2 =wV
2 2 K
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Alw

A s/lv =
0.30 —

0.25
0.20
0.15

0.10

0.05

| | | I

0.0 | 0.2 0.4 0.6 0.8 1.0

FIGURE 1.15 Graphs of

=2 [ - @)™

for s/v equalto %, 1, 1 and 2, and w chosen as 1.
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Exercise B:

1. (2y* —6xy)dx+ (3xy —4x*)dy =0 {xs(%j (X—ZJ:C}

1 1
2. y'==y'—-=y+1l {y=x+———}
X X c—In(x)
3. y'=— — {yIn(y)-x=cy}
X+Y

4. A man stands at the junction of two perpendicular roads and
his dog is watching him from one of the roads at a distance of
A feet away. At a given instant the man starts to walk with
constant speed v along the other road, and at the same time
the dog begins to run toward the man with speed of 2v.
Determine the path the dog will take, assuming that it always

moves so that it is facing the man. Also determine when the

dog will eventually catch the man. {t = é—A}
\
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€ ;¢ 5 (ax+by+c)dx+(a,x+hb,y+c,)dy=0
$C=C=0p > B 5 FZrFA=x ¥ gl 24258 If ¢,#0
or ¢, #0 » £ & = 3§ :

o pALh

AR B
a2

2

{a1x+b1y+01:0

a,Xx+b,y+c,=0

2 fE2(x,y)=(a,pB) 4~ @

*ﬁ uta {dx du

‘ v+ S dy =dv
(au+bv)du+(a,u+byv)dv=0 % & P&k % s = A2

. bV ax+bhv+e =0

(ct,f))——— u

- X
\ ax+bv+c, =0
~
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Ex11 @ &7 5§ figs > 475N 2 3 3
(-3x+y+6)dx+(x+y+2)dy=0
[#%] :
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. C
4 %’i=£=m¢—1
aZ bZ C2

£ ax+by=z a,dx +b,dy = dz

aXx+by=mz dy=w
bZ
(mz+6,)dx+ (2 +¢,) 2= _g

2
[b,(mz+c)—-a,(z+¢c,)]dx+(z+¢c,)dz=0

dx + (z+c,)dz 0
(bzm o az)z + (bzcl o azcz)

B

Ex12 : 7T 7] O.D.E.2_ i jiZ:

(x+ y)dx+(3x+3y—4)dy =0
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Exercise C:

1.y

. (x=y+2)°
C (x+1)?

{y—ax—(1+a) =c(x+1)£
y = pBx=(1+p)

23




® A5 y'="f(ax+by+c)

t=ax+by+c
dt — adx

dv =

y b

Ex13 : £ O.D.E.y'=tan’(x+y) 2 il &

[i#] :

24



Exercise D:

1L (x+y)y'=1 {In|x+y+]=y+c}

2. Y=y =2xy+x*+1 { x+ =c}

y — X
3. y-2xy=x*+y* { y=tan(x+c)-x}

25



1.4 Exact Differential Equations
(1) % r# 1 & (exact) O.D.E.
2 #mr&it2Fr¢% % OD.E
® X
TRENEG Y A ARG
M(X,y)dx+N(x,y)dy=0- %3 &5 — Sn#cd(X,y) i 59 i@

Fdg :%dx+%dy =M (x,y)dx + N(x, y)dy
OX oy

fa¢ B

N PV M (X,Y)
a¢:N
\_ay (X,y)

Bl £ M(x,y)dx+N(x,y)dy=0 5 & & = # ;¢ (Exact

Equation) - 2 ¢ » g(x,y)=c T 2t & O.D.E.2 i j2

26



® it & ODE.2 %% 5%

d 2 & FMXY)dx+N(X,y)dy =035 & & pF > B % &

FBEK PG Y)WLEEREE Y LG R rF i R
i

oM  0°¢  0°¢ ON
oy Oyox oxoy oOX

v

FAMOY)AX+N((XY)dy=0% & & pr2_ 2538 %

M _oN
oy OX
Note
aM:a—N:f;\M(x,y)dx+N(x,y)dy=0;f;\J1éﬂifw&fdsiﬁ
oy OX
e

27



¢+ & ODE.2 &jz
X EFF ODE M(X,y)dx+N(x,y)dy=05 1 &> (%

oM oN .
o §> RIF £ Rt 28 125 g(xy)=cC

o
aX—M(x,y)

% _Nx,y)

N

kb A N RS T E
$(x,¥) = M (x,y)dx+ f (y)

p(x,y) = [ N(x y)dy+g(x)

Zw b ai@df(y)z g(x) > T7 34X, Y)

28



Ex14: 2 %3 15 s = 4250
22, oy Y 3.1y —
(3x°y“ +e )d +2(xy°+1) =0
X

[i#] -

29



Ex15: &7 7] O.D.E.2 i % :
(x> —4xy — y?)dx + (y* —2xy —2x*)dy =0

[i#] :
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Exercise E:

1. i+ y+@y* +x)y'=0 {In(x)+xy+y’=c}
X

31



1.5 Integrating Factors

Y T

R4

itz % re% =< OD.E.

b

¥ A4 % O.D.E. M(x, y)dx+ N(x,y)dy=0

oM ©ON
+

oy oX
L(x,y) @& & 1(X,yY)M(X,y)dx+ 1(x,y)N(x,y)dy=0 2 =&

L 0M) _a(N)
oy OX

& O.D.E.i3ff » F15  (Integrating factor)

y E]IJE} W}i“:ﬁ" ’ l[—L];'E‘-i‘:L/s T’g. é—_"‘ xﬁ'rﬁi

g0

PR I(XY) & 97Y g2 2h 0

32



® A TS (X y) 2 RKiE

8(IM) _ a(IN)
oy  ox

d it e (X,y) s &
#eb R B

oM ol oN ol

(X, y)—+M(X,y)—=1(%y)—+N(x,y) —

( y)ay ( y)ay (. y)— -+ N Y) =

N(x,y)%—M(x,y)g—'y=(%—i—§)l(x, y)

oM ON

oy OX — f(X)

1. I(x,y)=1(x) : ¢ &

oM ON

%dx:dl—l, ?'r’f(x)dx:dI—I

SR EF - FATFF G

(x) = ejf(x)dx

33



oM oN

Ly b
2.|(X,y)=|(y) .-Ebfr#:f(y)
M _on
oy  OX di dl
—d = z:'Pf d -
SRSSEG - fAFS G
1(y) = ol 100
oM _oN
. Ao 7 6y 8X
3'|X1 :IX+ . bI—:fX
() =10cy) 5 DOy
M _on
Mdu:d_l; u=Xx+y:- E‘\'Pf(u)du:d_l
N—-M | !

SRS - A FS G

|(u) = ejf(u)du

34



oM ON

Cao . O OX
4. 1(xy)=1(xy) : 22 - P _ (g
(x,y)=1(xy) : % "Ny (xy)
M _oN
Mdu:d_I’ u=xy - g~'Pf(u)du:d_|
Ny — Mx | |
SRFEG - ARG
|(u) = ejf(u)du
(%-)
¥ ok iE ik NE
M _oN
f (x)dx
N X _tx) 1(x) =¢/
N
M _oN
oy  ox _ o
y_—M=f(y) I(y)=¢
M _oN
f(x+y)d(x+
v =f(x+Yy) |(X+y):ej Y)d0cy)
N-M
M _oN
f (xy)d(x
M=f(xy) |(Xy):ej y)d (xy)

Ny — Mx

35



Ex16: Solve the differential equation:
(4x+3y?)dx+2xydy =0

[f%]:

36



Ex17: #73] O.D.E. 2z ii f%

(v*+2y)dx+(xy*+2y* —4x)dy =0

37



Exercise F:
1
1. (3xy+ y2)+(x2+xy)%:0 {x3y+§x2y2 =c}

2. 2xydx+ (4y +3x)dy =0;y(D) =1 {y* +x°y* =2}

38



1.3 Linear Differential Equations
(1) % rgsir O.D.E.

(2) ¥ stz 2144 = OD.E

& R RIEE s oAt
3 s 2 At y+P(X)y=0Q(X)
FESERREE | R e
1. ¥l y+P(x)y=0Q(x)¥ 11:x 8 %
[P(x)y-Q(x)]dx+dy=0-----(1)

JOEES %%{P(x)y—@(x)kp(x)

N A oMo
T oox ox oy ox

oM ON

oy OX
2. ... _— = P
% —p(x)

» (1) * 2+ £ OD.E.

(DR 2 - A FS 10 =el

39



Note
1(x)| P(x)y—Q(x)]dx+1(x)dy =0
| (x)P(x) ydx + 1 (x)dy = 1(x)Q(x)dx
I(x)3—§+ P(x)1(x)y =1(x)Q(x)

ejp(x)dx jp(x)dx

v+ P9l y(x) = Q(x)e

%{y(x)eI P(X)dx):Q(x)ef "% (always)

y(X)eIP(x)dx :J- Q(X)eIP(X)dX)dX-l-C

y(x) =g JPO _'(Q(x)eI PO )dx PP L

Ex18 : Find a general solution of y'+ y =sin(x)

[f#]

40



y

Ex19 : Find a general solution of y'=—-"——
2X +y'e’

[f#]

41



Exercise G:
1 2X l 2X —3V
1. 2y'+3y=e {y:7e +ce 72}

2. y'+— y 2,y =—-4 {y—EX—QX“‘}

5
V3

{y :L—cotx+;smx}

3. y'=1+cosx—ycotx;y(— )—l
4 sin X

42



1.6 Bernoulli, Riccati Equations
® “mpiv2 4t = OD.E.
A~

()Bernoulli = 42:% : y'+ P(x)y =Q(x)y"
(2>3—;/y'+P(x)v(y):Q(x)

(3)Riccati * 425 : y'=P(x)y*+Q(x)y+R(X)

€ Bernoulli = f23¢ -
TIE 3 =% A AR H A 5
y'+P(x)y=Q(x)y"
# % Bernoulli > #25% - (#°¢ n=0,1)
Stepl :
A = o= =

y "y +P(x)y™" =Q(x)

Step2 :
£y =u, %«ﬂj—i=(1—n)y "y
1 ) ,
mg—i+ P(x)u=Q(x) ¢ % & ¢4+ O.D.E.

43



Ex20 : £ 5] O.D.E.2_ & f% : dy+2xydx = xe ™ y>dx

[f#]

44



Exercise H:
1. y'+ly =Xy’ {%=—x4 +cx*}
X

1 c
2. xy'=(y=-xy’+y { 7 =——1}
(y=x)" X

3. Xy =xy—y* {2X
Xy =Xty —y {Zyz_n|x|+c}

2
3+cx’

2.3
4 y+—y=—y' {y= }
X X

45



y
du dv
Z:V(y): ’ dx—d—y 13«)\
& j—i+ P(x)u=Q(x) > # % % r##s42 O.D.E.

Ex21: #27 7] OD.E.2 i 2 : e'y'=3(x+e’)-1

[f#]

46



Exercise I;

1. y'siny+sinxcosy =sinx {-In|cosy—-1—-cosx=c}

47



€ Riccati » #25" :

Zred =~ OD.EAN 5 ¢
y'=P(x)y*+Q(x)y+R(x) 4% Riccati » 425¢
£P(x)=0> Bl % 4 FFsl: ODE.

€ Riccati > #2542 Rfz:

¥

R FAED - BERY=5(X) S(x)i& ¥ L5d |

_‘

LR R S S

48



2

Ex22 : #f27 5 O.D.E.2_ i f# : y':£y2+£y——
X X X

[f#]
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Exercise J:

1 1 4 6x°
L oy'=—y’-Zy—— {y=4+———}
2X X X C—X
L ) 2ce® +e*
2. y'=—ey*+y+ef {y="—1}

2ce® -1

50



1.7 Applications
€ Charge g(t) andcurrent i(t) => i(t)=q'(t)

\oltage drop => resistor R is IR

=> capacitor C is g

=> inductor L is Li'(t)

Ex23(a): Find the current in the RL circuit
— NN\

M

|
_— I
A

,—

FIGURE 1.18 R /I Circuir.

[i#]:
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Ex23(b): Find the current in the RC circuit

]

e

C

}Cﬁ) R
T

FIGURE 1.19 RC circuit.
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Ex24: A container has Qqg of sugar dissolved in 100 liters of
water. Assume the water containing 0.25g of water per liter is
flew into the container at a rate of r liters per minute and the
well-stirred sugar water is draining from the container at the
same rate. Determine the quantity of sugar Q(t) in the container
at any time. Also find the limiting quantity QL that is present

after a very long time,

[i#]:




Exercise K:

1. Determine each of the currents in the following circuit.

.1 . 1
L=—AlL=—A
{i ;=g }
100
—— AW
m—_ 0V 150 30 0}

2. In the following circuit, the capacitor is initially discharged
and R is 250kQ2. How long after the switch is closed will the
capacitor voltage be 76 volts? Determine the current in the
resistor at the time. (Here uF denotes 10° farads.)
{t=0.5In(20) =1.498sec, i=16uA}

VW

% .—-—T--.zﬂp

8OV =
T
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3. Suppose a person carrying a virus returns to an isolated group
of 100 persons. Assume that the day rate at which the virus
spreads out is proportional to the multiplication of the number
of infected persons and the number of non-infected persons. It
Is observed that the number of infected persons is 7 after 4
days. Determine the number of infected persons after 10 days.

{60 persons after truncation}

55



a, (% y)p" +..+a, (X, y)p+a,(x,y)=0
He pzy' ) an(X,y);/_.O

® 5 EFESE

(p=y'= (X, Y )i (1)
- P=Y'=F,(XY) e, (2)

(P=Y'= (XY )i (n)
1)z (n)*=5 2 12 = ODE
(¢1(X’y):C

<¢2(X,Y)=C

;zfn(x, y)=c
[ (xy)-c][4(xy)-c].[4(xy)-c]=0

56



Ex25: 47 7| O.D.E.2.:i f2 : (y')' —y'=0

[f#]

Ex26 @ ;2 £f2 T 7] f25% 2 i 2

xyp2+(x2+xy+ yz)p+x(x+ y)=0, p=y'

57



¥ Hes 4 et A

jdx:x+C Iadx:ajdx:aXJrC
jxrdx: rX::ll+C jd—::ln|x|+c
J'exdx:eX+C jaxdx: a +C,a>0
Ina

= & S A

jsin xdx =—cosx+C

jcosxdx=sinx+c

Jtan dx = In|secx|+C

jcot Xdx = In|sin x| +C

jsecdx =1In |secx +tan x| +C

jcscdx =Injcscx —cot x|+ C

jsecz xdx =tan X + C

jcsc2 xdx = —cot X +C

jsecxtan xdx =secx+C

jcscxcot xdx =—-cscx+C

F = & QI&E/TJ%% N

jsin‘lxdx =xsintx++1-x*+C

jcos‘lxdx = XCOS*X—+1-x*>+C

_[tan‘1 xdx = xtan ™ x—Inv1-x® +C

Icot‘1 xdx = xcot ™t x+Inv1-x% +C

Jsec‘l xdx = xsectx—1In ‘x ++/ X2 —1‘ +C

jcsc‘1 xdx = xcsc ™t x + In‘x+\/x2 —1‘+C




RN &1

sin®x+cos?x=1

tan? x +1=sec? x

1+ cot? X = csc? x

(R

sin(—x) = -sinx

cos(—x) = Cos X

tan (—x) =—tan x

csc(—x)=—cscX

sec(—x) =secx

cot(—x)=—cotx

CE S
. T T . T
SIN| ——X |=C0SX | COS| ——X [=SInNX | tan| ——X [=COotX
2 2 2
T T T
CSC(E—XJZSGCX SGC(E—XJZCSCX CO'[(E—X =tan X

sin(7 —x) =sinx

tan(z —x) =—tanx

CsC( 7 —X) =CSCX

cot(z —x)=—cotx

sin(7 +x) =—sinx

tan (7 +x) = tan x

csc( 7 + X) = —CsCX

(TN S
cos(7 —X)=—CosX
sec(z — x) = —secx
cos(7 +X) =—Cos X
sec(7 + X) =—secx

cot(z + x) = cot X
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# A

sin(x+y) =sinxcosy +cos xsin y

sin(x—y)=sinxcosy—cosxsiny

Cos(X+ Yy)=C0osXcosy —sinxsiny

CoS(X—y)=CoSXCcosy +sinxsiny

tan(x+y)— tanx +tany
1-tanxtany
1+tanxtany
R A
Sin2X = 2SIN XCOoS X C0S2X = c0s? X —sin’ X
cos2X = 2¢c0s’ x —1 cos2x =1—2sin’% x
L g o\
., X 1-cosx , X 14+cosx
sin —=———— COS" —=————
2 2 2
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