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Practice Problems



BRA, SR/, MR (S, E, P)

Probability (#2R) Probability function, P
Probability is a Domain and co-domain
e real number (B2 e “Domain” (E&):
o variable (85) D= {all events)
. e all subsets of a sample
e function (EK#) space, S
e Others (E ) e “Co-Domain” (¥1f&13):
e Ans: function (Wg) | e [0, 1]

o REB—EAEMEME 1R, WOHLEMETY (S, E, P)?
e S:sample space; E: event space; P: probability function.
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L.,
BEREAER (=WERH)

o DRET, BHR, —HT{EHICHE;

o HRAZER, SR, RN, BES;

o TR, N\TIE, EF N2 LFHE;

o BNIAE, IBHHE = N\II—1R, &F5,;

SR M=
[ ] El\ CIH:B- %[ CJD EI%\
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L.,

PE#%X)= (random factor)
(AR OEFHRR, BREM)

&\ & (input) #1418 (output)
—» |22 (processing) | —»

(ARIZHIER)

o Uim: B EREEELERBLTAR?
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R E

DiEE, B, —RAEHICEE

DRE[E (B Pacioli P28 D EEE):
IZRETMEBEENHENKIEFHLERIR, #ESIN DRI SEEZ—B
TCo LEBEIPIBRF S EUARILLEE, KL= E 182, B ¥ =220
WHARFHDEE?

-
O
¥ = —-F

-
S e—

o (B2 AU, RILAIEEZHE), Pacioli (1494) ER AT EMEVE—FEF
BEPE, EPRIADBEZHE, —HRhBERRTSHE,
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A, B, WEXH (S, £, P)

HERZER (S, E, P)

RASES (sample point): (E—EFE ERP I ELIRNET —EFHER
(outcome), BRERAEE, BUNVR s "L

o RAZEE (sample space): (F— BB ER D, BSBERAKBNES
BRERAZEE, MR ARFE S &KRIZo

o S (event): RAZEME D ESHER S,

o SRS (eventspace) £: R BEENAESHANNESERS
Hefl, ML E &R, EIoMRBRRE[

o K (P): B—BNE, BEHERTONEAT—ESHHBEINMIR0E
PR —-EH,

e UF:S, E,P
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A, B, WEXH (S, £, P)

HERZER (S, E, P)

Flip a fair coin once Flip a fair die once
viz) | P P e
RN O W FH
—
S

neaeee |_|
wen| |
0 1 svennnne |
n I
E=2
5 E (R LR (ERHAALER
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A, B, WEXH (S, £, P)

| ERRAER ST ] BRETBHE S 1%?

o IBE (N. Bohr):[SNEIH 515258, 15 1929 Nobel PIRHE,

EE—EFZ, RS0 E R BRIV AR B
LELAREE B O TUARIE M B AEV) S BRREVIGR, RIFER
LA T, BB RN ERIERDE .

o BERAMBE1926F 12 BREWHMIZRRIKZ (M. Born) SHERE!:
[BF HBEEDAEED, BEE—BNENBEESHE,
SENEEENER, EBERFBRANER, BEEL

MEHPIE I EFREy R —LE, ERUT, HBELH
ENEE T .
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2HEFE—SBHEEcE 0<PE)<1
INSER QD%%V‘F EléﬁiEz E_ﬁi (|e ElﬂEz ), 8l
P(E1U E;) = P(E1) + P(E>)

o SUGH: ER=-NRNER
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=N, N\ER, BFNELEFEW

J\BEARNEREIR

e Thm2.1.P(¢) =0
o Thm22. WR E| C E,, BIP(E)) < P(E)
o Thm 23. WREMD n BEFRBH Er, ..., En, P! E)) =21 P(E)
o Thm24. R n @ERSBH E1, Er, ..., En BEEEKIHE, BEX
EiUE,U...UE, =S, BIP(E;)) =1/n,i=1,2,...,n
o Thm 2.5 BR—(EEKERNIEAZTE S BSBREEARS B8 —BERABLIRE
219%, BIP(E) = m/n, EO m RBH E PTREBH, n B S PHAEERAEH,
o Thm 2.6 HIMEMAMBESH E; 0 Ey, P(E1 U Ey) = P(E1) +P(Ey) —P(E1 N E)
o Thm 2.7 8IMEOT=1@S4 E|, E,, T E3, P(EU Ey U E3) =
P(E1)+P(E2) +P(E3) —P(E1NEy) —P(E1NE3) —P(E2NE3)+P(EINEZNE3)
o Thm8.P(E{UE, U UEy) =Y P(E;) — Y P(E;i N Ej) +
i j <k PCEINE;NEY -+ (=) P(E1 N E2 N -+ N Ep)
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=RR, N\EE BEFNREHRW

Conditional Probability

The conditional probability of an event B given an event A, denoted by
P(B|A),is

P(AN B)
PBIA) =] Py TAW>0
0, P(A) =0

Q: Why is the above definition appropriate?

e A:The definition does not violate the 3 axioms

e P(S5]A) =1 (need to prove)

o HEESH E,0 <P(E|A) < 1 (need to prove)

o WIREMH BECEFFR, BIP(BUC|A) = P(B|A) + P(C|A) (need to prove)
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Conditional 8 Theorems

Thm 2.9. P(¢|A) =0
Thm 2.10. If E; C E, then P(E1|A) < P(E3|A)

Thm 2.11. If Ey, E>, ..., E, are mutually exclusive events, then
P(UZ EilA) = X7 P(Ei|A)
Thm 2.12. For any two events E1 and E>,
P(E1U E3|A) = P(E1|A) + P(E2|A) — P(E1 N E2|A)
Thm 2.13. For any three events E1, E; 0 E3,
P(E1U Ey U E3|A) = P(E1|A) + P(E2|A) + P(E3|A)
—P(E1 N Ey|A) —P(E1 N E3|A) —P(E; N E3|A) +P(E1 N Ey N E3A)
Thm 2.14. Forany n events Ey, E, ..., Ey,
P(U'_ E;|A) = Y i_ P(E{|A) — Ziq P(E; N Ej|A)

+ X icj <k PEiNE; NELIA) ...+ (=D)"PP(Ey N Ex N -+ N Ey|A)

Comparing “Conditional Probabilities Theorems” and the corresponding
Probabilities Theorems
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BERELE, BRIFHE

Example

R ABRB 1000 B A0, EhE 5 ABERERRK. S 1000 FE8AI5EEZ, #IRE 950
AZREENRE (BIVER), 50 A2RBIENRE BRER). SEL, 2REERER 950
APB1AEESRE MERBIEREBH 50 AP 4 ANEEBR. © A RBRNBML BR
BRENSH; AC RBRNSBM,; B¢ RERMRENSH.

1. —RABELORIEERMT P(A)?
2. RRIERERIEBERSBT P(B)?
3. TR (BRI IR IE) VR BT P(BC|A)?
4. TR (RFAIRBR BB RIE) BERDT P(BIAS)?

1000 A 1000 A

950 AR 1R & 50 AR & 995 N8 5ANERE
1A 949 A 4N 46 A 949 A 46 A TA 4N
BR BA BR BA R & BHRE  EERE B3 14 2
(a) TRAVE— (b) VAT

e Advantage of using notations and plots.
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B, R

Multiplicative Rule

For every two events A and B, P(A N B) = P(A)P(B|A) = P(B)P(A|B)

Theorem 2.16

Foranynevents E;,i =1,2,--- ,n,
PN, Ei) = P(EDP(E2|E1) -+ P(En| (/2] E

n=2,P(E1NEy) =P(E1])P(E2|E1) Theorem2.15
n =k P(OE_, ED) = P(EDP(EL|EY) - - P(ER I (L E
n=k+1L,P(VE ED = PIOEL, E) N Exy] QD
= P(N¥_ EDP(Exqal NEZ, B
= P(EVP(E2|E1) - P(Ex| (V) EDP(Exr1l Ny Ei

—~
‘

5]

~

e What method (induction?) is used for proving of Them 2.16?
e Mathematical induction. (Q1): Intersection; (Q2): Theorem 2.15
2015.09.23
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BA, BHZR[, MK (S, E, P) AN AV LN )2 7B B, RIFHE

i g 2 AE 18

WREH Eq, Ey, ..., En REALEH—BDE (partition), AE—F4 A IR
P(A) =3, P(ANE)

4

WRSBH Ey, Es, ..., E,2EFREO—BHE, if P(B) > 0,
P(E,|B) = PELNB) _ _ P(EDP(BIE))
' P(B) T P(E))P(BIE;)

#ET#IL: independence

Two events A and B are independent if and only if one of the following condition holds.
e 1.P(ANB) =P(A)P(B)
e 2.P(A|B) =P(A)
e 3.P(B|A) =P(B)

Ex. ZBREEBB—BZER: % A, B, C DR=EBRREEBIEREENSH, 8 P(A), P(B),

P(C) DRIR=EREZEBNAREENER, BRELZEEE T TENBREE, S=BRKEES
DR, BIRBEREBRIEER

P(AUBUC) =1—-[1—-PA)](1=P(B)][1 =P(C)] =1— (1 —0:45)(1= 0.55)(1 — 0.60) =0.901
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Define Notation:

U

e Event A: Succeed
e E;: correct selection inthei — th
intersection
e There are 6 inter. with 2, 3,2, 3, 2,2

m choices
E K P(A)

=P(E1NEy;NE3sNE4NE5N Eg)

= P(E1)P(E2|E1)P(E3|E1 N
Ey)---P(Esl -y Ei)
=HHHDHHD

=1/144

W. M. Song &8
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B, R

Ex. Monty Hall Problem

B=BPIEMRE, —EPFIPRE—EFIRBARE, EtMEFIR2EER. R
BER, EFAITREP—BIRLBPRRZBRNPI, WAEBFIMRIF—RX
B RO LURBIRPIARPY, ARIMBIFMRPY, ISROMERZEZD?

Analytical Appro. |
e S={(,j),i=12,3j=1,2,3}
o E=[2BEHHDRE| NS

o ={(1,2),(1,3),(2,1),(23),5,1),5,2}
—HB 6 BELRR

o ESTE:P(E)=6/9 = 2/3 (Thm 2.5)

o 2T "RIH BREHFRMNTRFRIE. p. 55, 68"

Analytical Appro. Il
e S={1,2,3}
o F=[Z—RemROEEMPI WEH
e P(E)=P(E| F)P(F)
+P(E | FO)P(FC)
= (0)(1/3) + (1)(2/3) =2/3
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