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4.6 Superposition Theorem

X y
input R i output

The relationship f (x) between cause x and effect y

Islinear if f(.) isboth additive and homogeneous.

definition of additive property -
It T(xp)=y1, f(X)=y, then f(x;+X5)=y1ty;
definition of homogeneous property :

If f(X)=y and « isarea number then f(ax)= ay

3

4.6 Superposition Theorem

n Example4.6.1

Assume |, =1 A and use linearity to find the actual
value of |, inthe circuit in figure.




4.6 Superposition Theorem

1

If 1,=1A , thenV, = (3+5)I, =8V

=Vioon 1 =1,+1,=3A

I1

V,=V,+21,=8+6=14V , I,

l,=1,+1,=5A b I =5A
l,=1A® I =5A , |,=3A® I =15A

4.6 Superposition Theorem

For alinear circuit N consisting of n inputs , namely




4.6 Superpoesition Theorem

Proof : Consider the nodal equation of the corresponding
circuit for the basic case as an example
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[Gle=l,LLLLLLLLLLLL(B)
Let G=[GyGy, .. Gnl”
Then [G]=[G,G,... G,]

4.6 Superpoesition Theorem

n Cramer’s Rulefor solving Ax=b
Take n=3 as an example.




4.6 Superposition Theorem

4.6 Superposition Theorem

Suppose that the kth nodal voltage e, isto be found.
Then from Cramer’s rule one has
detgG, G, L I LG, ¢
e, =
det[G]

where D @ det[G]
e =¢e,te,+LL+e,




4.6 Superposition Theorem

where

A
ey :lells , dueto I only

A
e, = A”" |, duetol only

4.6 Superposition Theorem
n Example 4.6.2




4.6 Superposition Theorem

By using Cramer’srule

4.6 Superposition Theorem

Where e,; isdueto s only » l,s=15,s=0




4.6 Superposition Theorem

£;1+G4+GG IlS
dets -G, 0 -G, .
— é 'Ge 0 G3+GS+GGE
- D

D
=—[1)2I1S , duetol,s only

Duoto |, only Duo to I, only

IlS=ISS=O IlS:IZS:O




4.7 Thevenin’s Theorem

In high school, one finds the equivalent
resistance of atwo terminal resistive circuit
without sources.

Now, we will find the equivalent circuit for two
terminal resistive circuit with sources.

4.7 Thevenin’s Theorem

Thevenin’s theorem states that a linear two-terminal
circuit can be replaced by an equivalent circuit
consisting of a voltage source V., in series with a
resistor R, where V., is the open circuit voltage at
the terminals and Ry, is the input or equivalent
resistance at the terminals when the independent
sources are turned off .

C.T. Pan




4.7 Thevenin’s Theorem

Linear
two-termina
circuit

Connected
circuit

o0 < +0Q®

Connected
circuit

4.7 Thevenin’s Theorem

Equivalent circuit: same voltage-current relation at the

terminals.
V1= Ve : Open circuit voltage at a-b

Linear
two-terminal
circuit




4.7 Thevenin’s Theorem

Ry = Ryy @ Input resistance of the dead circuit

Turn off all independent sources

Linear circuit with
all independent
sources set equal
to zero

4.7 Thevenin’s Theorem

CASE 1
I the network has no dependent sources:
- Turn off al independent source.

- Ry : input resistance of the network looking
Into a-b terminals




4.7 Thevenin’s Theorem
CASE 2

If the network has dependent sources
-Turn off all independent sources.
-Apply avoltage source V, at ab

Circuit with all
independent
sources set equal
to zero

4.7 Thevenin’s Theorem

-Alternatively, apply acurrent source |4 at a-b

Circuit with all
independent
sources set equal
to zero

If R, <0, the circuit is supplying power.




4.7 Thevenin’s Theorem
Simplified circuit

Linear
circuit

4.7 Thevenin’s Theorem

Proof : Consider the following linear two terminal circuit
consisting of n+1 nodes and choose terminal b as
datum node and termina aasnoden .




4.7 Thevenin’s Theorem

Then nodal voltage V,, when a-b terminals are open
can be found by using Cramer’srule.

vn:ig Dwlee LLL (A)
D -

Eisthe determinant of [G] matrix
Is the corresponding cofactor of G,

Now connect an external resistance R, to a-b terminals .
The new nodal voltageswill be changedtoe, , e,, ... , €,
respectively .

C.T. Pan

4.7 Thevenin’s Theorem




4.7 Thevenin’s Theorem

Note that

4.7 Thevenin’s Theorem

Hence , &, can be obtained as follows .

D




4.7 Thevenin’s Theorem

In other words, the linear circuit looking into terminals a-b can
be replaced by an equivalent circuit consisting of avoltage
source V, in serieswith an equivalent resistance R, , where

nn

V., isthe open circuit voltage V, and RIS DE

C.T. Pan

4.7 Thevenin’s Theorem
Example4.7.1




4.7 Thevenin’s Theorem
Example 4.7.1 (cont.)

Find open circuit voltage V,
a&2+4 -2 o/, 0 a&b- 2V, 06
§-2 2+658V,5 & 2V,
2V, = 2V,
§2+4+2 -2 0a&/, 0 _abod
-2-2

®e8
D = det
&

4.7 Thevenin’s Theorem
Example 4.7.1 (cont.)




4.7 Thevenin’s Theorem
Example 4.7.2

By voltage divider principle :
open circuit voltage V=10V
L et independent source be zero

4.7 Thevenin’s Theorem

Example4.7.3

n Find the Thevenin’s equivalent circuit of the circuit
shown below, to the left of the terminals a-b. Then
find the current through R, = 6, 16, and 36 W.




4.7 Thevenin’s Theorem

Example 4.7.3 (cont.)

R, : 32V voltage source ® short
2A current source ® open

R,, =4P12+1= 41612+1:4W

4.7 Thevenin’s Theorem
Example 4.7.3 (cont.)

Vi -
Mesh analysis
-32+41,+12(i,- i,)=0,i, =-2A
\ i, =0.5A
V;,=12(i,- 1,) =12(0.5 +2.0) =30V




4.7 Thevenin’s Theorem
Example 4.7.3 (cont.)
To geti, :
_ My _ 30

" "R.*R 4+R

R =6® |, =30/10 =3A
R =16®| =30/20=15A
R =36®1 =30/40 =0.75A

4.7 Thevenin’s Theorem

Example 4.7.4
Find the Thevenin’s equivalent of the following
circuit with terminals a-b.




4.7 Thevenin’s Theorem
Example 4.7.4 (cont.)

(independent + dependent source case)
To find Ry from Fig.(a)
Independent source — 0
dependent source  — unchanged

4.7 Thevenin’s Theorem

Example 4.7.4 (cont.)
oAl NN -2V, +2(i, - i,)=0o0r v, =i, - |




4.7 Thevenin’s Theorem

Example 4.7.4 (cont.)
Loop 2and 3:
4, +2(,-1,)+6(,-i,) =0
6(i,-1,)+2,+1=0
Solving these equations gives

4.7 Thevenin’s Theorem
Example 4.7.4 (cont.)

To find V4 from Fig.(b)
Mesh analysis

i =5
-2v, +2(i,-1,) =0 P V% Zig-i,
A, - iy) +2(i, - is) +6i, =0 P 12i, - 4i, - 2i, =0

C.T. Pan a4




4.7 Thevenin’s Theorem
Example 4.7.4 (cont.)

But 4(i, - 1,) =V,
\ i, =10/3.

Vi =\, =6i, =20V

4.7 Thevenin’s Theorem
Example 4.7.5

Determine the Thevenin’s
eguivalent circuit :

Solution:
(dependent source only)

Nodal analysis

R ¢
I°+IX:2|X+ZO

C.T. Pan




4.7 Thevenin’s Theorem
Example 4.7.5 (cont.)

4.8 Norton’s Theorem

Norton’s theorem states that alinear two-terminal
circuit can be replaced by an equivalent circuit
consisting of a current source | in parallel with a
resistor R where I isthe short-circuit current
through the terminals and Ry, is the input or
eguivalent resistance at the terminals when the
independent sources are turned off.




4.8 Norton’s Theorem

Linear
two-termina
circuit

4.8 Norton’s Theorem

Proof :
By using Mesh Analysisas an example
Assume the linear two terminal circuit is
a planar circuit and there are n meshes

when a b terminals are short circuited.




4.8 Norton’s T heorem
Mesh equation for case 1 as an example
aR, Yaa Rinoa 0 Wlso

¢
¢
¢

M . .
M 1 —G W= cu =
ngl LL Rr|n ﬂe n ﬂ gv

Hence the short circuit cuurent

10
Il = —ab.V
n De.l kn  “ks

where D=det[R, |
D,, is the cofactor of R,

4.8 Norton’s Theorem

Now connect an external resistance R, to a, b
terminas, then al the mesh currents will be
changed to J;, J,, - - - - J, - respectively.
, Y% R, +00ax),0 a¥0
R2n+0_gJ2_ szs—
S R
Ro*Rods & o




4.8 Norton’s Theorem

Hence, one has

4.8 Norton’s Theorem




4.8 Norton’s TTheorem
Example4.8.1 By using the above formula

I1
L, |- 0

4.8 Norton’s Theorem
Example 4.8.1 (cont.)

det[R, ] =360- 27- 27- 27- 90- 54- 54 =108
xe6 -3 100
det‘? 310 0X

§.3 30(,J

390 65
=——=——A=|
108%% 108 18 N




4.8 Norton’s T heorem
Example 4.8.2

Find the Norton equivalent circuit of the following circuit

4.8 Norton’s Trheorem
Example 4.8.2 (cont.)

To find Ry from Fig.(a)

Ry =5]|(8+4+8)

=5)120=22 2 = 4w
25




4.8 Norton’s T heorem
Example 4.8.2 (cont.)

To find I from Fig.(b)
short-circuit terminal aand b
Mesh Analysis:
I,=2A
20i,-4i,—12=0
L= 1A =1

4.8 Norton’s Theorem
Example 4.8.2 (cont.)

Alternative method for In: In :ﬂ

Rt
\,,: open- circuit voltage across terminalsa and b

Mesh analysis:
i,=2A, 25,- 4,-12=0
i, =0.8A




4.8 Norton’s T heorem
Example 4.8.2 (cont.)

Hence ,

4.8 Norton’s Theorem

Example 4.8.3
n Using Norton’s theorem, find Ry, and I, of the
following circuit.




4.8 Norton’s T heorem
Example 4.8.3 (cont.)

To find Ry from Fig.(a)

4.8 Norton’s Theorem
Example 4.8.3 (cont.)

Tofind | from Fig.(b)




4.9 Sour ce Transformation

The current through resistor R can be obtained
asfollows:

4.9 Sour ce Transformation

From KCL, one can obtain the following
eguivalent circuit




4.9 Sour ce Transformation

The voltage across resistor R can be obtained as
follows:

v=(l5- )R=IR- iR@V,- iR

4.9 Sour ce Transformation

From KVL, one can obtain the following
eguivalent circuit

where V, @RI




4.9 Source T ransformation
Example 4.9.1

4.9 Source T ransformation
Example 4.9.2

n Find the Thevenin’s equivalent




4.9 Source T ransformation
Example 4.9.2 (cont.)

4.10 M aximum Power Transfer Theorem

n Problem : Given alinear resistive circuit N
shown as above, find the value of
R, that permits maximum power
deliverytoR,




4.10 M aximum Power Transfer Theorem

Solution : First, replace N with its Thevenin
equivalent circuit.

4.10 M aximum Power Transfer Theorem

Then RL:RTH and I:)max :(VTH )ZRL =

2R, 4R




4.10 M aximum Power Transfer Theorem
nExample 4.10.1

(& Find R, that resultsin maximum power transferred to R, .

(b) Find the corresponding maximum power deliveredto R, ,
namely P,

(c) Find the corresponding power delivered by the 360V
source, namely P, and P,,./P. in percentage.

C.T. Pan

4.10 M aximum Power Transfer Theorem

_ 150

Solution: (a)Vw = ——
180

(360) = 300V

=250

.2
(b) P max= ?%2 25 = 900W
a




4.10 M aximum Power Transfer Theorem

Solution:(c) Var= % 25= 150V

- -(360-150)
T 30 -
Ps=is(360)= -2520W (dissipated)

TA

NnObjective 7 : Understand and be able to use
superposition theorem.

NObjective 8 : Understand and be able to use
Thevenin’s theorem.

NODbjective 9 : Understand and be able to use
Norton’s theorem.




Summary.

NObjective 10 : Understand and be able to use
source transform technigue.

NObjective 11 : Know the condition for and be
able to find the maximum
power transfer.

Summary.

N Problem:: 4.60
4.64
4.68
4.77
4.86
4.91
N Due within one week.




