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Def. A subset S < ® i a regalor surface. if Y peS. 3 a nbd. VER and a map
X: U<k VoS of an open set USR onto VnS SR st
__m % i differentioble . ie. X (u.v) = (x(u,v). ylu.v). Zw.v)) all portial derivative of X ave contingous
__@ X i homeomorphism., ie. X_is i-1  onto. continuous and X~ exists , continuous
| mX sarisfies_the vegularity _condition . ie. Y ge U, the differentil d%, d¥: R ® is -1

 (we want the mop dX takes the unit vector in U into the tangent vector in VoS)

Nl

(U> ) i &@ \) Heve the mapping X is called parametrization
| Vn$ S // UnS_is colled coordinate. { local) nbd .
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The vector e is tongent vector fo the curve Mi: 8-> (U.Vo) ea

= o) = Qsjg.) 3":(3 ,gu,au) s 9

z
i —_ ~
T_he_vggmn_ez_js_mng:n_mu_m_m;_mm Ya: V- (Uo V) M‘C Rs

| x
i‘ ox 24 3% ; & -
.Bm_lmngn-_cgrm_mu(mﬂ_), Jﬂ__)__d_gm = (3. 3v. o) 7 j L

consider r(t) = (OL+Uo. bt+ Vo) Y0 = (Uo.Ve) =8 , Fiy=(a.b) = w x
i & R aw & %
]hLmngﬁ-AMJ_Lﬂmi_ﬂMJMlJLM * T = 0%ut by

d%(aeitbes) = 03 1h3y = ad¥ien + bd¥aen o d% is o linear map. d%3

ke ax _dx y " %
d% s 1-1 &> Gu*Ge *O , ie. at least one of minors of B s nhonzero
=
L 20 2B kD e _ ( ")_zx_.aj__.?_x_?_!
= 2wy ey L awon IS nonzero . where “stovy = dee\ 2 3%) = Suov v au
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Def. Griven o diffeventiable mop F: U s R IR defined in an open set. U of R
_AW,BMMIM_MMM_MS&WLM___ "
Mjhc_lmnggjmgj?m_o&_a_ﬂmm_uom*&mm_a critical _value of F.
B point of R which is net a_oitical wlue i colled o regulor value of F

_ fUeRSR feesed s a bosis for |, dfen = i . dfen =ty . dfen=te

__aetw) i a regalor value ¢ x.{y.fe do ot varish simultaneously ot any. pomt_in the inverse

;;_Imagehﬂm,.' {(x.%,z)eU{":tx%.z): a}

2 2
Ex : S={(x,q.2)|x‘n§+z sd } . S center (0.0.0) , radiug |

let foy.z)= Xrgee £ is € fue ax fy=2y fe=22 > fu=0.fy=0.fs=0 ¢ x=y=2:=0

10.0.0) is o criticol point. of £ > 0 is a critical value of £, (0.0.0) & fihy = Loy ] dgess 5

L is a regular value of £, by Prop2., fu = S isa regular _surface.

Prop2. If £: U< R R is o differentioble function . a i o requiar_value of { , then f is a regular_surface.
_ (Hope ¥ = the graph of o differentiable function )

<pf> let p= (Xo. Yo Za) € fia) , where a_3s a regular value of £ we may assume %%’(9) ¥o
' © o
o 1 o
. Detine Fiﬂi—:‘ﬁ_&.ﬂx_.g‘i)i(w, Yoy 2)) , det (dFp) = ¢et(&__£9_&_).i L Zwso e

______ By TFT, 3 nbd Vof p and nbd w of Fipy st F: V> w R is differentioble . F exists_and diff.

i )
let Feuv.t)= (W.v.QU.V.t) S X=U,Y=V.Z=gw.v.t)

_In porticular, z =g.(_u-_LLL|LaLj§_ C and define_htw.v) = g.(u,v,t)ltm = glv.a), his c®

)
— Flwolwv.nit=a}) = Voltuv.guv.tilt-al = Vo {wy hwwnl = o

=1
=y
m
{
<<

___PLEL_BH_BLQD_LL_&L;L”VM__LBQNM sufce (2 FpnV = graph of h )

- -~ - - ‘ . =t -
__ Since,p is arbitary in Y 2. fa i a regular surface.

Cheyv cuiture
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Def. A regular surface S is_soid orientable . if Tt i possible. to cover_with a family of coordinate
~—fbd_in_such_a_way_that ¥ pe S belongs to Z nbd of these famlies .

..j&mjwmmm.mmﬁjnm_me‘ﬁammen,ted,. ¢
__l{_m_a_chnicejs_m_msﬂbl&, then S is_called - nonorientable

Ex: (.S con EM%MMW&LMILOVEMQbE@QM&il___“_
~—— @S s a regular snnchc_nnd_s_mn.be_mmmdq_tm_mmmemmmus_(,.X..,-,,u),. (X.U) and_

X 0 X(U) is_connected . then S is orjentable. -

alu.v) 2lu.v) alu,v) - - - -
B ¢ v M U I 1 R _then switch @m0, {Xa.Xs} = {% . %s

-3 unit_hormal vector field on S, X:U->§ parometrization, X: U—> S another _pavametyization

3 Xux X = Xa x Xy
- N:S—>R. N(P) = axxei _normal to_TplS) . pe Xw) 5 N(P) = Toorars

= 3w,
_NP) = Np) & 2a > o o . B

Prop. S_is_orientable <= S has a unit _normal vector field. which % diffeventioble (conti)

.sp{z_(aLI{_S_IS_QtEDLGleMD_D]Qk_QiQmﬂg_.o£._mmm.e&ﬂz_g:hn¢_nm\_e‘.3_iﬁ_;u;.1i§l =~ NS

Sluz.
_S=#XU_and Suvg 2o . i)

(Xi)u x (X2)v

00 XeUD) , define N(P) = Todax (v ) __normal_to Tp(S) . differentiable. . X is_differentiable.

2 NP)_is ditf._unit_normal _vector field of S

—{=) choose._a family of connected coordinate nbd {¥e(Undiex to cover §

(Xedux (x2) T . keep
o N® = Toowcta on i) = L= . change _uerv T Xduda U %o, foriay

S
?(ui, Ve) Oux ey _ Xux (i)

Cloim ©. 2w 7 2 . Set pe Xe(U2)o X305 , NP) = T b vl . 10 O]
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Fact : A reguiar surface may not be connected
Def. B surface § <R is soid to be connected . 1 any two of its points _can be joined by a conti. curve in&

Pm&ﬁ)@ﬂm_mfmws_}_.\maﬂg_gmm_&_uﬂgm&dmm
. (YpeS. 3 nbd Vof pin S st V.il_ﬂ_gmph__of_i\ffﬂmi&b@_fuumnn)

_sﬁ_>§_ﬁltegumju&a®_.ﬂ;ﬂémii§_gjm~ﬂ_wnmﬁtﬁ7MTnn of S . Xwwi=(x,4.%)

Let g€ Xip.in mmﬂm_mj'%ﬁ&&immgummmww

R UERaR . TeR = (. gun).dee(dmen)lg  SiMle 102 w3 s icomorphism

By TFT .3 nbd Vi of . Vo of TeXig St WeX:lUim> Vo is ¢ and_(w-%)" exists. C”

R -, |5 Y Voo Vi, (e )-'11.1}) = (o, vouy)) * (o) =% "o -
2. 2 (uoeg.viey) T o funcrion on Va St gmm_wmmnmmmm_gm

. (xm V). ulu,y) Z(u,y)) con_yewrite, oS Lx,g. Z{ux.q) .v(x,g)))

Change. of porameter . Differentiable function_on surface. —

Def. S s a regular surface . F: S— R is differentiable, i Y% of § st FoX:U¢ R— R is differentiable

Note If point p belongs to two coordinate nbd_with parameter (u,v) and (&.V).

__itTs possible to pass from one of two_paivs of coordinate to the other by o diff. transformation

Prop. (Change of parameters) Let peS. S is vegular surface in R.
Let ?;UQE-»SEBA T{‘:V.C.IRZ—,SSIR3 be tuwo parametrization of S st pe“)'((u)r\?‘(v)= w

__ then the gbnngg of coordinates h=%X"Y : Yoo = X 5.0 diﬁ(mmy_phjs_m '

[‘r\,rmm






