Applied Mechanics -- Statics

Chapter 3 Rigid Bodies : Equivalent System of Forces

3.1 Introduction
principle of transmissibility
moment of a force about a point
moment of a force about an axis
body : combination of large number of particles

rigid body : does not deform under force acting on the body

3.2 External and Internal Forces
forces acting on the body may be separated into two groups
1. external forces : represent the action of other bodies on the rigid body

2. internal forces : the forces which hold together the particles forming

the rigid body
i‘Hk fm’[_é’
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3.3 Principle of Transmissibility, Equivalent Forces

the condition of equilibrium or of motion of a rigid body will remain
unchanged if a force F acting at a given point of the rigid body is replaced
by a force F’ of the same magnitude and same direction, but acting at a
different point, provided that the two forces have the same line of action

the two forces F and F’ ‘
have the same effect on the
rigid body and are said to be

equivalent
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the principle of transmissibility and the concept of equivalent force have

limitations

(e)

from the point of view of mechanics of rigid bodies, the system shown
above are thus equivalent, but the internal forces and deformations are
clearly different : (a) tension, (b) and (c) no stress

similarly for compression

thus, while the principle of transmissibility may be used freely to
determine the conditions of motion or equilibrium of rigid bodies and the
compute the external forces action on these bodies, it should be avoided, or

at least used with care, in determining internal force and deformation

3.4 Vector Product of Two Vectors

TV:PXQ '
V=PxQ : _. 4"

I.ViP V10 A S
) P ) /_..l"

2.V = PQsinf
3. the direction of ¥ obtained from the right hand rule

vector product also known as cross product

i. vector product are not commutative

PxQ=-0xP
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ii. distributive property can be applied
PX(Q1+Q2)=PXQ1+PXQ2

11i. associative property does not applied to vector product

PxQ@xS+Px(QxS)

3.5 Vector Products Expressed in Terms of Rectangular Components

ixi=0
ixj=k
ix k=-j etc. i

V=Px Q= (Pi+Pj+ Pz;;f) X (i + O+ 0.k
in + Vyj + Vzk = (Psz ‘PZQy)i + (PZQX - P)\QZ).I
+ (PO - YOIk

ie. Vi=P,Q,-P,0, V, = P,0\ - PO,
V. = PxQy - Py

or | i j k|
V=PXQ:IP,\' Py PLI
1O O O

3.6 Moment of a Force about a Point
defined the moment of F
about O as the vector product

of r and F

M, =rx F r = OA
My, =rFsinf = Fd

where d is the perpendicular distance from O to the line of action of

the force F
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in two dimensional case

F

() Mo = + Fd b Mg =-Fd

3.7 Varignon’s Theorem
the moment about a given point O y

of a resultant of several concurrent
forces is equal to the sum of the

moments of various forces about the

same point O
F=F1+F2+F3+... z
M0=er=rx(F|+F2+F3+---)

=rx Fi+rx F,+rx F; + -

3.8 Rectangular Components of the moment of a Force

L}
r=xi+yj+zk y
F=Fi+Fj+Fk 1 Ak
Yl
. . 7 I:in
i j k| ; J ~
My=rxF= |x y z| O N\ .
|F Fy F, | /. \@k
My = Myi + M,j + M,k ,,/
ie. My=yF,-zF, M, = zF, - xF,

Mzszy'yF\(

if we need to compute the moment My about an arbitrary at point B of

a force F applied at 4

Mg = BA x F



BA = Axi + Ayj+ Azk
XA/B = XA - XB YaB = YA - B
ZAMB T ZA - ZB
BA =ry - 13 = Ar
i k|
Mg = Ar X F = |Xam Yam Zas)
| Fx Fy F,|
for two dimensional case, F, = 0, z =

or

M,
Mo
M,

My
Ms
M

= Fy - yF)k
=xF, - yF =M,
=M, =0

= [Oa-x8) Fy - (a-y8) Fi] K
= M, = (xa-x8) Fy - (ya-ys) Fi

:My=0

Sample Problem 3.1

determine

(a)

(b)

(a) M,
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Y F,j
Wy —yp)j 1
F.i
Tasp A '
B 4 1= (".{ —.\'3)i
F.k
(zy—zp)k :
(e
X
F,i

(b) same M,, find horizontal force F’

(c) smallest force to get same M,
(d) for 1200N |, find d to get same Mo

(e) is (b), (c), (d) is the force equivalent to the original force

M, = Fd = 500 x 600 cos 60°

M, = Fd = Fx 600 sin 60°

= 500 x300 = 150,000 N-mm

= 150 N-m

150 = F x 0.5196
F = 288.68 N

|8}
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(C) MO = Fd Fmin_') dmax
ie. F 1L OA Amax = OA = 0.6 m
150 = Fuin X 0.6

Fmin = 250N A 300
{A
d M, =Fd _
150 = 1200 d d=0125m A% 12000
OB = d/cos60° = 0.25m = 250 mm MO(O“ °

(e) none of (b), (c), (d) is equivalent, although M, is equal in each

case, but F' is not equal

800 N
e
Sample Problem 3.2 Ti
determine Mjy 160
Fap = BA = -02i + 0.16j (m) b— 0 mm
F = 800 cos 60°i + 800 sin 60° NN
= 4007 + 693j (N) i/ e
My = (-0.2i + 0.16j) x (400i + 693}) A
= 1386k - 64k = -202.6k (N-m)
= 202.6 N-m (?) \u,
Sample Problem 3.3 A
P = 40N a = 25° T

P, =40 cos 25° = 36.252 N

0.6 m

P,=405sin 25° = 16.905 N

. MB X Py ) y Px S —
=-0.2x16.905 - 0.6x36.252 = -25.1 N-m B -
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Sample Problem 3.4
TCD = 200 N
find M, of Tep at C

My = roa x Tep

0;24!1’1
A(0, 0, 0.32) C(0.3, 0, 0.4) J/
D(0,0.24,0.08) unit : m :

ren = AC = 03 + 0.08 k (m)
CD = -03i+ 024/ - 032k (m) D
CD = (0.3* + 0.24> + 0.32%)%* = 0.5m

(28.8 N'm)j

Ao = CD/CD = -0.6i + 048 - 0.64 k -

7.68 N-m)i

Tco = Tep Acp = 200(-0.6i + 0.485 - 0.64 k)

F = (200 N)A

= -120i + 96 - 128k (N) @85 Nk
C
i j k|
My = roa x Top = 103 0 0.08] = -7.68i+28.8;+28.8k (N-m)
|-120 96 -128 |
3.9 Scalar Product of Two Vector (dot product) y
RN
P-Q = PQcos@ (scalar) 4
Q

commutative property P-Q = Q- P
distributive property P-O+0)=P-Q +P-0Q

associative property cannot be applied, . (P - Q) - S has no meaning

dot product of unit vectors (= 0 or 1)
i-i=1x1cos0° =1 jj=1 k-k=1
ici=jri=i-k=k-i=j-k=k-j=0
P-Q=(Pi+ Pj+ Pk (Oi+ QO+ Q,k)

(O8]
1
~
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=P+ PO+ PO,
if P=Q P-P=P>+ P>+ P2=p?

applications :
1. angle formed by two given vectors

P=Pi+ Pj+ Pk

Q=0+ Q)+ Ok

P-Q=PQcosh =P QO+ P, QO + PO,

PO+ PO+ PO,
PO
where P = (P2 + P2 + P2* Q= (Q2+ Q7 + O
y

cos O =

2. projection of a vector on a given axis o L
A

PoL = 04 = Pcos b 7N
o
P-Q=PQcosl = PoLQ / *

P'Q _ PXQx+PyQy+PZQz

Po. =
Q Q
now, if we choose @ is an unit vector z
Q = Ao]_ Q =1
PoL = P - oL

Ao = cos Oci + cos O,j + cos O,k

Po. = Pycos b + Pycos 6, + P,cos 6,

3.10 Mixed Triple Product of Three Vectors
S-(Px Q) scalar triple product

Sx P x Q) vector triple product
(used in dynamics)

3-8
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U=8S-PxQ =85V
U = the volume of the parallelogram
having the vector S, P, Q for sides

if §, P, Q are coplanar, the scalar triple product will be zero

S-PxQ=P-(@x8) =0 (5SxP
=-5S-@xP)=-0-Px8)=-P-(Sx Q)

P

. G+ -0

S-PxQ=8-V=8V.+SV,+S7V,

= Sx(Psz - PzQy) + Sy(PzQx - PxQz) + SZ(PXQY - P)’QX)
S S S|
S-(PxQ)= |P. P, P|
|Ox Oy O
3.11 Moment of a Force about a Given Axis

My, =rx F

define the moment My, of F about

OL as the projection OC of the

moment M, on the axis OL

MOLzl'MOZ/{'(I’XF')

| Ax Ay Az
=|x y z|
| Fx Ty F,|

resolve F into F; and F, in which

F, // OL and F, onthe plane 1L OL

F:F1+F2

[U'S]
'
O
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and r=wr +r, where r // ]

M0L=)»'(VXF)=},'[(I’|+l’2)X(F1+F2)]
=/1-(r1xF1)+/1-(r|sz)+)b-(r2xF|)+/1~(rsz2)
=/1'(l‘2XF2)=|I‘2XF2'

the moment Mo, of F about OL measures the tendency of the force F

to impart to the rigid body a motion or rotation about the fixed axis OL
M-i=M =yF, -zF,
M:j=M =zF -xF, moment about the coord. axes
M-k=M=xF, - yF,
the moment components M,, M, and M, of F about the coordinate

axes measure the tendency of F to impart to the rigid body a motion of

rotation about the x, y and z axes, respectively

the moment of [ applied at A about an axis which does not pass

through O is obtained by choosing an arbitrary point B on the axis

L l"a'
My = A-Mg = 4-(Ar x F) \
AF = Fy - Ip
|7 Ay Ao |
MBL= IAJCA)/ AZI
IFX Fy le o

AX = Xp - XB Ay = ya - ¥ Az = zZp - Zp
the moment of J° about an axis is independent of the choice of the point

on the axis
choose another point C
Mc. = A - [(ra - rc) x F)
ra - rc = (ra - rg) + (rs - rc)
Mc = A+ [(ra - rs) x F] + 2 [(rs - rc) x F]
=A-(Ar x F) = My

3-10
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Sample Problem 3.5

a cube of side a, determine

D C
|
(@ My (b) M a——1 T
; P
(©) Mas () d from AG to FC k}f;i_ [ ] x
P =Plc F(a,0,a) C(a,a,0) R\
/La_JF
dric = FC/FC = (j - k)/ /2 z
(@ My=AF x P = (aj-ak)xP(-k//2
=aP@+j+k//2 Ip c
|
(b) Mg = Asg - M, A = 1 A}\ ,: :
P
. . . i\\
=i-aP@i+j+k//2=aP/,/2 b 1J5JE
E//
(C) My = /'LAG - M, - F
A(0,a,a) G(a,0,0) AG = a(i-j-k) AG = a3

A = (i -j-k1IV3

My =[(-j-k/y3-[aPGE+j+k//2]=-aP//6
or MAG = A-AG . (AF X P)

A A .
= |a -a 0 |=-aPl/J/6
|0 P/ -Pl/ |
d T P-Ac=[PG-K/V2[G-j-k//3]=0

) PJ_A,AG

My = | Pd| aP/y/6=Pd
thus d =al// 6

3.12 Moment of a Couple

two forces F and - F having the same

magnitude, parallel line of action, opposite /
direction are said to form a couple /
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My =rax F+rgx (-F) y
(ra -m)x F=rx F

where r is the vector jointing the

points of application of the two forces,

M, is called the moment of couple
My, = rFsinf = Fd

r is independent of the origin O, .". the
moment M of a couple is a free vector, i.e.

which may be applied at any point

if F|d1:F2d2

then the moment of couple is said

to be equal

2.13 Equivalent Couples

¥

three couples have the same effect on the box

two system of forces are equivalent if we can transform one of them into
other by means of one or several of the following operations :
1. replacing two forces acting on the same particle by their resultant

. resolving a force into two components

2
3. canceling two equal and opposite forces acting on the same particle
4. attaching to the same particle two equal and opposite forces

5

. moving a force along its line of action

3-12
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two couples having the same moment M are equivalent
1. two couples contained

in the same plane

2. two couples contained (/}_"\Q
in the parallel planes ~—_ 2

3.14 Addition of Couples

M=rxR=rx (F + F) ~F//'
=rx Fi +rx F,

=M1+M2

3.15 Couples may be Represented by Vectors

the vectors representing a couple is called a couple vector

3.16 Resolution of a Given Force into a Force at O and a Couple
any force acting on a rigid body

may be moved to an arbitrary point

O, provided that a couple is added,

of moment equal to the moment of

F about O

ie. My,=rx F M, = Fd

3-13
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and the combination obtained is referred to as a force-couple system

if the force F had been moved from A to a different point O’, then

My =r x F [from (a) to (c)]
=(r+s)x F=rxF+sx F

=M +sx F [from (b) to (¢)]

(a) , ) (c)

dzM()/F

in this case, F mustbe L M,

Sample Problem 3.6
determine M of the couples y
DE = 0.23j I 0.3 k .18 m

0.30m
VC
/{j M F 00N
A

' 00 N
2023 /D l
J/“"” N

M, forthe 100 N force /
150 N

M, = DE x (- 100 i) P ]
= (023 - 03k) x (-1008) ouh
=30/ + 23k (N-m)

M, for the 150 N force

M, = DC x (-30k)
046 x (- 1504i)
= -69i (N-m)

Il

3-14
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M=M +M=-69i+30j+23k (N-m) v

0.18m

alternate solution, add + 100 N and - 100 N at A, then

0.30 m
M, = -150 x 0.46 = - 69 N-m e LA
My = 100 x 0.3 = 30 N-m “"_)N»,@i,/ﬂ’ e 100 N
= - ().21;’"1/ A 0N
M, =100 x 0.23 = 23 N-m ;
then M =-69i+30j+ 23k (N-m) ~himn

Sample Problem 3.7

replace the force and couple by a single equivalent force

due to the force, the moment about O is

M, = 400 x d = 400 x 0.3 cos 60° 200 N

= 60N-m (2)
due to the couple
M, = 200 x 0.12 = 24 N-m (?Q)

then the total moment at O is

M, = 84 N-m (D)
the distance of the application of the equivalent force is

d=M,/F = 84/400 = 0.2l m
and OC = 0.21/cos 60° = 0.42m

alternative method, move the (- 24 N-m) couple to B

d=M/F = 24/400 = 0.06 m
BC = 0.06/cos60° = 0.12m

OC = OB + BC =03 + 0.12 = 042 m

3-15
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3.17 Reduction of a System of Force to One Force and One Couple
consider a system of forces F), F,, F; --- acting at the rigid body at the

points A;, 4>, A3 ---, the forces can be removed to a given point O
Mj F,
M, \ 2

w

then the equivalent force-couple system is defined
R=XF M® =XM,=2X(r x F)

M is called the moment resultant of the system at O

it can also to a force and a couple at another point O’
R=XF M = M}® + s x R

for each force, the position and force components is

r=xi+yj+zk
F=Fi+ F,j+ Fk
and the resultant force and moment can be written as
R=Ri+ Rj+ Rk
MR = MRi + M?j + M}k
R, R,, R,:the sums of x, y, z components of the given force

MR MR MR : the sums of the moments of the given-force about the x,

Y, Z axes

3.18 Equivalent Systems of Forces

two systems of forces are equivalent, therefore, if they may reduced to
‘the same force-couple system at given at point O of a rigid body

i.e. they are equivalent if, and only if, the sums of forces and the sums of

moments about a given point O are, respectively, equal

3-16
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F=2F — ZXZF,=ZXF, 2F, =2F, 2F, =2F;
IMy=X My > IM,=XIM; IM,=IM, IM =3IM,

3.19 Equipollent Systems of Vectors
two systems of vectors satisfy the equations in last section, the two
system are said to be equipollent
if two systems of forces acting on a rigid body are equipollent, they are
also equivalent
two systems of forces acting on different particles may be equipollent but

not equivalent

3.20 Further Reduction of a System of Forces
for a force-couple system, it can be reduced as R and MR at O

when R = 0 =>  single couple vector M®

we now investigate the conditions under which a given system of forces
may be reduced to a single force

two systems of forces which may be reduced to a single force, or
resultant, are therefore the systems for which the force R and the couple
vector My are mutually perpendicular

this condition is generally not satisfied except for (1) concurrent forces,

(2) coplanar forces, (3) parallel forces
(1) concurrent forces : they can be added directly into their resultant R

(2) coplanar forces : all forces lie on the x-y plane, the moment of each

force about, My® will be perpendicular to the plane
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the force-couple system at O is

R« =ZXZF, Ry=2XF, M} = M® = T M,
let the position of application is A4(x, y), then 4 ¢
xRy - yR, = MR® K R
/ R A
fory =0 x = M®/R,y Aixq) y 4
for x =0 y = M®/R, X p X B{
Pt

(3) parallel forces : let all forces parallel to y-axis, of course R should

be parallel to y-axis

Y A y
F3
forces // y-axis, hence - 'R
I
the moment about y-axis is o I_ _ = o CM.!‘i
: T SN T

zero, only M, and M, exist i 'l

4 F, / Mg

move R to a new point of application A(x, 0, z) to reduced the force-
couple system to a single force, then
r x R = MR
(xi+zk)x Ryj=M®i+ MRk
-zRyi + xR k= MNi + M?k
then x = M}/R, z = -M&R/R, ‘

in general case, the resultant R and the couple are not perpendicular,

thus they cannot be reduced to a single force

resolving M® into components M, and M, where M, along the

direction of R and M, is perpendicularto R

3-18
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move R to a new point of application A4, such that the original system
of force thus reduces to R and the couple M, where R and M, has the
same direction, i.e. the couple acting in the plane perpendicular to R

this combination of force-couple is called wrench, the line of action of R
is known as the axis of the wrench

the magnitude of M is the projection of M} on the line of action of

R, such that
My =R -M]/|R|

and the ratio M, R-MR

R R

= p is called pitch of wrench

. /
Axis of wrench - /
T

ie. M, =pR
M, +rx R=MR
PR+ rx R=MR

if £F = R = 0, ZM® = 0 (particular case), the rigid body is said to

be equilibrium

Sample Problem 3.8

(a) equivalent force-couple at 4 "SL G0 N “::N zs:iw
\

(b) equivalent force-couple at B 'S T

(c) a single force or resultant L6m A!— 12m 2 m —l

(@ R=ZXLF |
= (150 - 600 + 100 - 250)j — {600 N j
= - 600 (N)  E———

— {1880 N k

MR =X (r x F)
= 1.6 i x (-600j) + 2.8 i x 100 j + 4.8 i x (-250 j)
= -1880 & (N-m)

3-19



Applied Mechanics -- Statics

(b) Mgt = M\ + BA x R
=600 N j
— - 1880k + (-4.81) x (-600,) ¥ )
1000 £ (N-m)

>R

B
J000 Nemi o k

(C) rx R = MAR
xix (-600j) = -1880k ~1600 N j
x =3.13m

Sample Problem 3.9

400 mm

determine the equivalent force and couple 250 i

resolve 125 N and 90 N forces in x

550 wim

and y directions
125N  x-dir. = 125 cos 40°=95.756 N § :
y-dir. = - 125 sin 40° = 80.348 N Z\“”cv "
90N x-dir.=-45N
y-dir. =-77.942 N
R, =X F, = 95.756 - 45 = 50.756 N
R,=XF, = -80.348-200-77.942 = - 358.29 N

R = (507562+358292)Vz - 361.87 ' 400 wim
250 wim B

550 nin P

tan @ = 358.29/50.756 6 = 81.9°
R = 362N 81.9°

M = - 550 x 90 sin 35° - 800 x 200 sin 65°
- 1200 x 125 sin 65°
= -309 N-m
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Sample Problem 3.10
replace the forces by a force- 75 mm
couple system at A4
B(75,100,50)  E(150,-50, 100)
BE = 75i - 150j + 50k BE=/75
Aae=ii--6—j+£k
7 7
Fs = 700 Age = 3004 - 6005 + 200k
Fc =707i - 707k
Fp = 600i + 1039
R=2XF=1067i + 439j - 507k
AB = 0.075i + 0.05k AC = 0.075i - 0.05k
AD = 0.1i - 0.1
M} = AB x Fz + AC x Fc + AD x Fp
[ S T R Y A SN B U A 4
= 10.075 0 0.05| +]0.075 0 -0.05] +]0.1 -0.1 0]
| 300 -600 200 | 707 0 -707| |600 1039 0|
(30 - 45 k) + (17.68)) + (163.9Kk)
=30i+ 17.68j + 1189k (N-m)

E(150 mm, =50 mm, 100 mm)

Sample Problem 3.11
determine the magnitude and point

of application of the resultant R

R=XF

MR = XZ(r x F)
r (m) F (kN) r x F(kN-m)
0 - 180 0
31 -54j -162 k

3i +15k -36) 54i - 108k



Applied Mechanics -- Statics

120+ 3k -90j 270i - 108 k

R = -360j M® = 324i - 378k
r=xi+zk y
r x R = MR}

- (800 kN)j

(xi + zk) x (-360j) = 324i - 378k
360zi - 360xk = 324i - 378k
x=105m z=09m

Sample Problem 3.12
replace the two forces into a wrench

determine R, p and the intersection

of the wrench axis on y-z plane

rb=ajtak re=ai+taj
force-couple at O
R=F + F,=P( + )

M0R=rEXF1+erF2

=agP@+j)xi+aP(+ k) xj g R.
=_aP(i+k ME< N
R-M® _ P@+j)[-aPl+ k)] Ak

pitch p s 2Py y o
-a P? a = »’Q’(Ml:pB
2 P? 2 ) '
. Yl 0
M, =pR=-aP(i+ k)2 P :
M, + r x R =M~ z

r=yj+zk (on y-z plane)
_aP@Gi+k/2+@jrzk)x P +j)=-aP(i+ k)
(-aP/2 -Pz2)i-(aP/2-Pz2)j-Pyk=- aP(i+ k)
= y =a z =al2 the position of G is  G(0, a, a/2)
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