2.Statement of the Main Result and Proof of Main Theorems
By using the formula of (fa,)., we find out the following result.

Theorem 1. The generators of H, (Y2, Z/2) of the type byaiboda must be

bar 2141098 +17 2611,

where n > 0,k >1and —1 <2t +1 < 2F - 1.

Proof of Main Theorems

We know that H, (Y3, Z/2) = ker(fs2),. In order to prove the theorem,
we have to discuss the following five cases:

Casel b2, ¢ ker (f5), , where m > 0.

The remainder cases must satisfy the condition r < s of b,.b;.

Case2 byr_1bok+1y, 19,11 ¢ ker (fo),, where k > 1,n>0,and 1 <2041 <
2k+1 —1.

Case3 bok 9109k +1p 10041 & Ker(fo)ysowhere & > 1, n > 0, and 1 <
2041 <2k 2t +1 < 281 LT

Cased bok oy 4 1bokr1, 0610y EXer (f5). 5 where k > 2,n > 0 and

1<2t+1<2l+1<2F— 1

Caseb bok 944 1bok+1,, 1 on+1 1y € Kér (fg)* .

We need some lemmas.
Lamma 2. Let 0 < b <a,ifa = Zh 2™, b = ZZL:O b,,2"™, then

m=0

(Z) =11 _, (Zm> (mod 2), where a,,, b,, = 0 or 1.

m

Proof. The prove follows N.E.Steenrod|[3]. In the polynomial ring Zs[z], we
have (1+x)? = 1+ 2. It follows by induction on m that (1+z)*" = 1+2%".
Therefore .

am [ Am Sx2m
I o >-em ( ¢ )* @

The coefficient of 2 = zXm=0b=2" in the usual expansion of (1 + z)? is

a . ., - a
( b)' But, from the above expansion, we see that it is II" _, ( bm)'
m
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From this Lemma , we can easily get some results.

(2-1) Z) = 0(mod 2), If a is even , b is odd.

e (5702 (2)= (s

2k
(2-3) ( n+a)EO(mod2),ifn21,a<b<2k.

b
Casel o
Proof. We separate (f2).(02,) =>_ (Z;nrju)'

it jOm—ibm—; into three parts,

0<i<j<m 1:';_7' bz—l—]bm zbm -7 0<j<i<m ZZTJJI)'bH—]bm zbm ],and 20<z<m (33'1921'[)?”72
Clearly that the first two parts are the same and the coefficient of each
term in the last part are congruent to zero modulo 2 except ¢ = 0, thus
(f2)«(b2) =02 in H.(BO(3); Z/2).
Case2

1+
Proof. Since byk_1bort1y9y4192% > 0<i<ak—1 < )bz+gb(2k 1)—ib@E1n 4204 1)—;
0<j<2* 1ni20+1 i

We observe 2°tln 4+ 20 + 1 as two parts: 1 < 20 4+1 < 2F -1 (under
n>0),and 28 +1 < 20+ 1 < 2Ft=1,
If1<20+1<2F -1 wetake i =2v+ 1, j = 2n, then we have

C okt o0t 1
bk 2041025 —1—iDokn 2041 With-the coefficient (2 +j> = ( n —;k v+ ) =
t n

k
(3"32) (QU; 1) = 1(mod 2): Since Hy(BO(3); Z/2) is abelian, for this term
bokrt2u41b2k _1_ibokn 40011, We may take the choices of 7, j to produce such term
in the combination of (f3)«(bor_1b9k+1,490+1)- They are box _1_iboky 1004109k n1 2041
and boky, 041109k 204102%_1_;.Clearly, there is only one choice of 7, j to pro-
duce such term(since 2fn +2v + 1 > 2F — 1).

If 28 +1 <20 +1 < 21 — 1, we rewrite 2v + 1 as 2¥ + 2] + 1, where
1<20+1<2%—1. We take j = 28Fp +2F 4 =2F —1 — (20 +1).

We have the term bl-l—]b 2k—1)— b(2k+1n+2k+2l+1) b2k+1n+2k+1_(2l+2)b2l+1b21+1
2k+1 2k+1 — (2] 2
with the coefficient —i,_j = ‘ + J = nt (2 +2) =
7 j 9k+1y + 9k
2k+1n\ 2k — (21 +2) 2k — (21 + 2)
(2’“+1n> ( ok ) = ( ok )(mod 2)(by Lemma2).

Let 281 — (21 + 2) :ZkH am2™, then a1 =0 and a, =1
(since 1 <2l+1<2F—1=2<2+2<2F).



By Lemma 2, (2 tj ) — (Q‘k+1 _25621 * 2)) = G) ot (?) = 1(mod 2).

As above, for this term bor+1,, 4 or+1_(9149)b21 412111, We also have by 1bor+15,ok+1_(9140)b2141
and b2[+1b2[+1b2k+1n+2k+1,(2[4,2) in the combination of (fQ)*(b2k,162k+1n+2k+21+1>,
but they do not exist. First, we consider byyy1bort1y4omt1_(2142yb2r11. We
must choose 4, such that (2% — 1) —i = 2 lp + 2M1 — (21 +2) = i =
(28 — 1) — [2F I 4 28 — (2 + 2)] = —2FFlp —2F 1 21 + 1

< —2FFlp 2k 4 9k 1 <0 —«—(since 1 <20 +1<2F—1).

We consider boyy 10911 109k+1p 4 95+1_(2142). We have to choose 1, lsuch that

i+ j 20+ 1

(28—1)—i = 2/+1, then we have the coefficient (2 tj> = <(2k _ 1) :L(Zl n 1)>

Let 20 +1 =351 5,2" and 28 — 1 = 351 1 x 2m

= (28— 1) — (20 4+1) =35 (1 —by) x 2™

We can find w such that b, = 0 (since 21 + 1 < 2% — 1), therefore

b 0 +
(1 ; > = (1) = 0(mod 2) (by Lemma 2) . Hence (Z%_—j) =0 (mod2),

— by, i
that is boj10211100k+15 49611 _(2149) also does not exist.

By the diSCUSSiOH above, (fg)*(bgk_lbgk+1n+2k+2l+1) §£ O = b2k_1b2k+1n+2k+2l+1 ¢
ker (fg)* |

Case3
Proof. We take j = 28, and 4 = 2% £2¢ =20, then we have bykt1,, 9k 95— 2pb20+ 102041

iy SR 9 4ot — 20\ (n) (28 42t — 20 _
_(j)_ 2k+1p —\n 0 -

1(mod 2) (by Lemma 2). There doesn’t exist any choice of 4,j to produce
such term, since 2¥+1n + 2F 4 2t — 2p > 2F+1p > 2k S 9k L 9t 4 1.

Hence (fz)*(52k+2t+1bzk+1n+2v+1) # 0, that is bok o 1bor+1, 49041 ¢ ker (fz)* .
Case4

We need a lemma.

with the coefficient (iﬂ )

(2

Lemm 3. Given ¢ > 0,d > 1, if

2c+3 2c+2d -7\ _
(55) 1 (5 29) =t

2
YV j,d > j >0, then c;—m = 1(mod2), d >m > 0.
c

Proof. We prove by induction hypothesis on m.



2¢+0 2
m = 0, since ( C2+ ) = <2C> = 1(mod 2), this lemma is true.
c c

Suppose m = n (n must less then d — 1), this lemma is also true.
when m =n + 1,

) 2c+n even
If n is even,

oot = otmoaz) oy 1), (157 ) = omoa ),

2
by induction hypothesis ( C2+ n) = 1(mod 2), and we know
c

2c+(n+1)\  [2c+n N 2c+n
2c - \2c-1 2¢ )’
2 1
hence<c+;n+ ) =0+ 1= 1(mod?2).

c
2c+2d— (n+1)

If n is odd, we have (
2c—1

We know that

<20—|—2d—n> _ (20+2d—(n+1)) N (20+2d—(n+1))‘

) = 0(mod 2) (by (2-1)).

2c et 2c
2 2c+ 2d —
According to the condition; we know: that C2+ n) = ( et 5 d n) (mod 2),
c c
2 1 2c+ 2d = 1
and ¢t (n+1) — Yo (mod 2).
2c 2c
Therefore 2c+ (n+1) N 2c+2d— (n+1) _ 2c+n (mod2).
2c 2c—1 2c
2c+ 2d — 1
If n is odd, we have < €t 9 _(171 + >> = 0(mod 2) (by (2-1)), and by
2 2 1
induction hypothesis, < c2+n = 1(mod 2). Hence ( et ;n+ >> +0 =
c c
1(mod 2), which implies (20 * (2n +1) = 1(mod 2).
c

By induction hypothesis, this lemma holds. l
Corollary 4. Give ¢ > 0,d > 1,ifV j,d > j7 > 0 such that
2c+7 2c+2d—7\ _
( 9 ) + ( 5 = 0(mod 2),
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then (20;_ d) = 1(mod 2).

Proof. ‘
If d is odd, we have (20 + d) = (2C +d- 1)> + <20 +(d- 1))
2c 2c—1 2c
By Lemma3, et éi - = 1(mod 2), and by (2-1),
(20 ;;f; 1 = 0(mod 2), therefore QC;C_ d =1+40=1(mod?2).
If d is even, we have (2C +d+ 1)) = <20 + d) + <26 + d). Clearly
2c 2c—1 2c
gz t Cll = (0(mod 2), and by condition and Lemma3 we know <20 * gcl * 1)) =
2c+2d—(d—1)\ _ (2c+(d—1)

9% 9% = 1(mod 2).

2c+ (d+1)\  (2c+d 2c+d _ 2c+d
Hence< 9 >—(26_1)+( 9 ):>1_O+< 9 )(m0d2),

2c+d
which implies ( C2+ > = 1(mod 2}
c

2¢+d
2¢
In the case3, we consider the formula bax (o, 10ok+1p, 10k 10141 & ker (f2),
where k,I,t € Z,k >3,n>0andl <2t4+1<2[+1 <28 1(ifn=0,2t+1
< 20 + 1), then we have the equation : 0<t <[ <21 —1 (ifn=0,t < ).
Now we denote r = 28 +2t + 1,5 =281 428 4+ 21+ 1, and r < s.

By the cases above, we know =1(mod2). W

Proposition 5. If any one of the following statement is true, then the case4
is true.

(a) If there exists I, where 0 < I <,

1 I
such that <S+ ) + (S+ ) = 1(mod 2).

S r
(b)If there exist J, where 0 < J < %57,

such that <r * J) + (S - J) = 1(mod 2).

r r

(c) (?) = 1(mod 2).



If any one of them holds ,then b.bs ¢ ker (fs), .

Proof of (a) Since b,b,/2)% > o<i<, (’1”) bi+jbr—ibs—;, now we take j = s,i =
0<j<s

I, for some 1,0 < I < r, then we have the term b, ;b,_;by with the
. <s +1 >
coefficient )
s

Since H, (BO(3); Z/2) is abelian, there are five kinds of formulas to pro-
duce such term except the case above.

For example, we take j = s — r + I,7 = r,then we have b} ;b,_;bs_; =
Do rbobr_1 -

There are the other four kinds of possible formulas: b,_;bobsy 1, bob,—_1bsi 1
(they don’t exist, since I > 0 = s+ 1 > s —<«), b,_rbs; by and bobsy1b,_1
(they don’t exist, since I >0 = s+ 1> s>1 —«).

Hence we have only two formulas to produce this term. They are by, ;b,_1bg

1 I
with the coeflicient <8 + ) and b, rbob,_; with the coefficient (S + .
s r

s r
= 1(mod2), this term by, b, by .survives in the image of (f)., therefore

bob, ¢ ker (f>), . W

If we can find some I, where 0-< I=<'w, such that <8 +1 + (S + I)

Proof of (b) By the method abave, we take i = r, j = J, for some J (

J
0 < J < %%), then we have b,{sbob,_; with the coefficient <r + )
r

If we choose J = 0, then there four kinds of formula to represent this term
2 brbobs, bsbob,., bob,bg, bsb,by, but the coefficient of byb,b, is (8) = 1(mod 2),
the coefficient of byb,by is 8) = 1(mod 2), they cancel each other.

If (:) + (i) = 1(mod 2), where <:> is the coefficient of b,.bobs, and

S\. . . . .
is the coefficient of bsbgb,, then this term will survive. Hence b,b; ¢
r

ker (f?)* .



If 0 < J < 55£, it is easy to see r < # < s—J < 5. So we only have two

kinds of choices: b, jbob,_; with the coefficient (T + J) and bs_ ;bob,, ; with

,
the coefficient s ; . If we can find some J,0 < J < 5%, such that
J —J
(r—: ) + <S . ) = 1(mod 2), then b,bs ¢ ker (f>),. R

Proof of (c) In this condition, we take i = r, j = %%, then we have this
term bs,JrTr bObS_—gr. There is only one formula to produce this term. It

str str

is bs+rbobstr with the coefficient ( 2 > If ( 2 ) = 1(mod 2), then
2 2 r r

b.bs ¢ ker (f2), .M

We will prove case4 by considering the four parts.

P.1/isodd,tis even .
P.2 [iseven , tisodd.

P.3 [ is even , t is even .

P.4lisodd,tisodd.
We denoted that r = 284 2¢=-1,5 = 2¥1p 4 28 4 21 4 1.

Proof of P.1 [isodd,tiseven:

I 1
We want to find I (0 < I < r) such that ot +(° i > = 1(mod 2).
s r

We may choose that I is even, such that I = 2 I;. Since 0 < I < r =
P42 4+1=>0<2 <2"420=0< [ <2814t

Welet [ +1=S"_ an2™t=3"_ b,2™, where a,b, =1 or 0, and
both of them are even, so m starts from 1. Since 0 < t < [ < 2F1 -1
= [+ 1 < 2F1 therefore h < k — 1.

1 ifa,, <b,

0 ifay,>b,
(22t T

( 2k +ly 4 2k 4] >

Now we take I; =1 + szﬂ cm2™, where ¢, =

s+ 2]1) B <2k+1n + 28 +204+1+ 2]1)

s 2k+Hp + 2 21 + 1
(mod 2)(by (2-2)).

Since



2k 2kl 4T
By (2-1), ( QZjl_n n 2:—1 i;) = 0(mod 2) (since [ is odd ,l+ I is even)
21
ie. (S * 1) = 0(mod 2).
s
21 9]

Now we want to show <S L 1(mod 2). By (2-2) again, (S * 1) =

r r
2k+1n+2k+2l+1+2]1 2kn+2k—1+l+11
= (mod 2).
2k +2t 41 ok—1 | ¢

Since [+ =1+1+3" .27 ="

—denote ™ d,,2™, where d,,, = 1 or 0.

By the definition of ¢,,, if a,, = 1, ¢,, must be 0, therefore a,, + ¢,, < 1
= d,, =0V m > h. Hence [ + [} < 2" < 2571 (since h < k — 1), it means
[+ 1, < 2! By Lemma 2 we have

Q2™ 4 Zm 1 Cm2™

m=1

2fn +2F"L 1+ I\ /2Rn\ 28N\ 1+ 1\ l+11( 12)
k=1 | ¢ ANAC =V AUR Y AU A A
ie. s+2h = H;]1>(mod2).
T

Since (l —:II) =11, (am+cm> (mod 2) (by Lemma2).

am+cm> (0 + 1

If b,, # 0, a;, = 0, then ¢,,'=1=> = 1(mod 2).

1
b # 0, a, =1, then ¢, = 0= (a";cm) = ( _;0) = 1(mod 2).

If b,, = 0, then a,,;:cm) = (amgcm) = 1(mod 2).

Then (l —;II> =11 _, (an;;rcm) =1I'_,1=1(mod?2) = (S +T2II>
1(mod 2).
1 I
Hence (S+ ) + <S+ ) = 0+ 1 = 1(mod?2), by Proposition5-(a),

S r

bbs ¢ ker (f2),. M
Proof of P.2 [iseven , t is odd:

We consider rtJ + (S -/ , and we take J = 0. Since (S ; 0) =

.
s ktlp 42k 4 2l 41 2ktlp 2k 4 2l + 1
= . By (2-2 k
(r) ( 9%k 9t + 1 ) y (2:2), we now( ok 49t + 1 )
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n\ (28 +20\ _ (241 P
(0) (2k+2t> = (2k1+t) (mod?2). By (2-1) (2’“1—{—75) = 0(mod 2),

therefore

s\ (21 r+0\ [ _
(r) = <2k_1 —I—t) = 0(mod 2). Clearly, < . ) = (r> = 1(mod 2).

r—+0 s—0

Hence < )—i—( > = 1(mod 2), by Proposition5-(b), b,.bs ¢ ker (f2), .1

r T

Proof of P.3 [ is even , t is even :

If there exists J (0 < J < %5%) such that T J) + (8 - J) = 1(mod 2),
T r
then we are done (by porposmon?—(b)).
. _ r+J s—J
Suppose not, that is for all 0 < J < 25+ such that . + . =

(P2 +1+J 28 2k 2l +1—J
= (mod 2).

2k + 2t + 1 2k + 2t 41

By this condition, we want to use Corollary 4 to show such r and s satisfy

sir
( 2 ) = 1(mod 2). Hence b;bs & ket (f2)., by Proposition 5-(c).

r

We observe J is even, let [ = 2Jy;t =21 and | = 2L (¢t and [ are even),

0<J<sr=2%n4l—t=0<h <2 nt 5t =2"""n+ LT

2k Lot +14+J QR ok L ol 41 —J
And 0 = —
2k + 2t +1 2k 12t + 1
2k L ot + 1424, Qktlp ok L 2l +1 -2,
2k 12t +1 2k 12t +1 o
2k1—|—t—|—J1 2kn+2k_1+l—J1
( ok-1 4 ¢ k1 4y )(mod2) (by (2-2))=
k=1 L o7 + ], 26n + 281 420 — Jy\
2k=1 4 2T 2k=1 4 2 N
k=1 L o7 + J; N 2fn + 281 42T + 2(L - T) — J; _
k=1 4 2T 2k=1 4 2T o
21 4+ 2T + J k=1 2T + 22 n+ L —T) — J
")+ ") (mod 2)
2k-1 42T 2k=1 42T

forall0 < J; < 2FIn4+ L —T.
k=1 4 2T + (2*In+ L —T)
By Corollary4, ( ok-1 4 9T

11

> = 1(mod 2), that is



2k=lp 4 2kt 4L L4+ T 21 4 2T + (2 n+ L —T
( n + + +)E( + 2T + (2" 'n + ))El(mon).

2k—=1 4 2T 2k=1 4 9T

. s4r kn +2F 1 4+t4+1

Since | 2 | = =
r 2k +2t+1
2kp 42k L 2L+ 2T + 1 ok=lp y okl 4 [ 4 T
= (mod 2)
2k +2(2T) + 1 2k—-1 42T

(by (22)).

Hence 7% = 1(mod 2).

By Proposition5-(c) , b.bs ¢ ker (f2), .1
By proving the following statement, we can complete this case.

o Ifr =284+ 2t 41 and s = 2¥n + 28 4 21 + 1 satisfy k > 3,n > 0,0 <
t <l <21 —1(if n = 0,t <), then one of the Proposition5 must
hold:

I I
(a) If 31 , where 0 < I <, such that (S—; ) + (S—; > = 1(mod 2).

(b)If 3J ,where 0 <@ J < = ‘such that (T+J> N <S—J> _
r T
1(mod 2).

(c) (?) = 1(mod 2).

Proof. By induction hypothesis on k

k=2,

Consider 0 <t <1< 2?>°! —1 =1, the pair of (¢,1) is (0,0) and n > 0.

Then the case holds, since the statement is true except [ and ¢ are odd.(We
proved in P.1 |P.2 and P.3).

k=3,

r=8+2t+1,s=16n+8+ 20+ 1.

Consider 0 <t <[ < 23! —1 = 3, the pair of (,1) is (0,1), (0,2) and
(1,2).

Consider 0 < ¢t =1 < 3 (under n > 0), the pair of (¢,1) is (0,0), (1, 1),
(2,2).

We only have to prove the case of (t,1) = (1,1), since the statement is
true except [ and t are odd.

12



(16n . 7) = (15> + (16n> ( 7) = 1(mod 2)(by (b)). Hence the stiement

11+4
Ift:1,i.er:11ands:16n+11.WetakeJ:4,then( + )—l—

11 11 0 11
of k = 3 is true..

Suppose k = q, the statement is also true.

When £ =q¢+1

r=20"1 4 2t +1, s = 2972 4+ 291 1 2] + 1. The statement is true except
[ and t are odd. We see that [ and t are odd. Now, we let | = 2L + 1,
t=2T+1,r =214+2T+1and s, = 29" n +29 4+ 2L + 1.

By induction hypothesis, one of (a),(b)or(c) is true for pair (rq, s1). Since
0<t<l<2—1=0<T<L <2171 —1, the pair (11, s;) satisfies the
condition of the statement.

Now, we check (a) , (b) , (c) for (r,s),

where r = 2971 + 2t + 1, s = 292 4 2971 1 2] 1

(a) (Stl 4 (Sjl> (let T = 21,)

8—|—2[1 8—|—2[1
+

S T
202 4+ 29t L 21 + 1 42K 202y + 29T 1 2] + 1+ 217\
AR RS )j( 20+ + 2t 4 1 ):
q+ q g+ q
20+1n 4—2qz++l [+ 2]1) (2 n ;2;; I+ Il> (by (2.2))=
20ty 4+ 29 L 2L + 1+ I4 20y + 29420+ 1+ 1\
( 204 2L + 1 ) ( 20+ 27 + 1 ):

I I
(81+ 1>+<81+ 1)(mod2),
S1 1
where 0 < I} <rq
(since 0 < I =21 <r=0<1; <294+¢t=2142T+1=mr).

Hence (S i I) + (S i I) = (Sl - Il) + (Sl N Il) (mod 2).
S T S1 ™
J —J
(b) (Tt ) + <S . ), by the same argument as above, we let J =

2J =
’I“—|-2J1 + S—2J1

r T
20t L 2t + 142, 202 4 29t L 21 4+ 1 — 2],
20t 4+ 2t + 1 20t 42t + 1

13



29+t +J 20y 429 41 — J;
by (2-2))=

20427+ 141\ | 20y + 29+ 2L +1— J;\ _

20+ 27 + 1 24 4+ 9T + 1 =

J —J
(“+ 1) ( 1) (m0d2),whereogjl<%

™

since0 < J=2/1 <& =0<Ji1 < :(l—t)*%:(QL—QT)*%:

512r )

J —J J —J
Hence (r—i— ) + (S > = (7’1 * 1) + (81 1) (mod 2).
r T T1 T1
© s 20 p + 20 [+t 41 20Hn 42971 4 2L + 1+ 2T +1+1
C = = =
r 201 + 2t + 1 2001 + 22T+ 1) + 1
20y + 29 L AL+ T +1)+ 1
201+ 22T+ 1)+ 1

(2qn +22qq jz(iﬁ j: 1T + 1)) (by (2-2))= (?) (mod 2).

str sitry
Hence ( 2 ) =( 2 |(mod2).
r 1

By induction hypothesis; one of (a);(b)or(c) is true for pair (1, s1) and by
above discussion , so does for pair (r =211 42t +1,s = 292+ 2971 1 2] +1
), when [ and ¢ are odd. Hence this statement is true.

By this statement and Proposition5, cased is true.ll

Caseb
Proof.

Let r =2F 42t + 1,5 = 2F1n 4 2F+1 1,

We want to show (fs).(bgr_1bor1941) = 0. Now we take i = I, j = J, then
+J
;)

Now we fix I and change J. If J > s—1I, welet J=s—I+(u+1), then
weget 0 <u<I—1(sinces—I+1<J=s—I+(u+1)<s). Therefore

I+J\ s+ 14u) (29428 )  2M I 4 2MN fu)
I ) I B I - 0 1)

= 0(mod 2) (since 0 < u < I —1, and by (2-3)).

we have the term by, ;b,_;b,_; with coefficient

u
1

If 0 < J < s— 1, under such J which we choice, we need another one

to cancel it. We take ¢ = I, j = s — I — J, then we have another term

14



biyjbr_ibs—j = bs_sby_rbry; with the coefficient (8 ; J) except J =s—1—J.

We let J = 28F1n, + J;, where n; < n, J; <2k — 1,

I+J I+ J
i T TR () )

B Ml (AR
It—Jl (mod 2), and (S IJ> — (2 (n nl)JEQ 1 Jl) =

2k+1 — 1= Jl
I

In order to show (

(mod 2).
I+J n s—J
I 1

which is (Z ) = (1 )(mod 2), where a,, b, = 0 or 1. By this result, we
* — O

A 21 1B
know that (B) = ( )(mod 2), where B < A < 2k 1,

2k+1 —1— A
I+, I+, 28 —1-
k+1 _ — -
fI+J, <2 1, then we have 7 = 7, = o1 gra)

(2'”1 _[1 - Jl) - (8 F J) (mo6d 2). Hence <I j; J)+ (S P J) = 0(mod 2).

B 2k;+1 . 2k+1 — 1=
14+, > 2511, then 2FH 13, = F ( ° I‘] ( (n=m)+ Jl) =

0(mod 2)(by (2-3)). We let I'4Ji = 2¥1 4 D, then 0 < D
T 2k+1 1
I—D =21 J and J; <2k 11), So( +J>:( (nlj )

I
0(mod 2), by (2-3) again.

> = 0(mod 2), we need a simple result,

I+J —J
Hence ( —i[_ >~|— <8 7 > =0(mod2),if0<J <s—1.
We still have to discuss J = s — I — J. In this case, I is odd and J = %
1
We want to show ( —ij— / = 0(mod 2).

In our notation s+1 = 2" (n+1)+(I—1),and s—I = 2k Ip4- 21 1],

We can see that ([ JI“]> - (I J;J> — (2([;; J>>(by2—2): (jfﬁ) =

(2k+l<n+1))< (I—1) ><m0d2)‘

2k+1n 2k+1 _ 1 T

We focus on ( (r-1)

ot ] I)' Let I — 1= Zl;:l by29 (since I is odd and
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I<r<2M—l)and 281 —1=3"" 1x20= (21 —1)—T=3" (1—

by) % 27. We can find w such that b, = 0 (since I < 2¥! — 1), therefore
bu 0 I

( > = ( = 0(mod 2) (by Lemma 2). Hence —;J> = 0(mod 2).

1— by, 1
If we give arbitrary 0 < I <r and 0 < J < s, then the coefficient of such

"form” by, jb._;bs_; must be zero in the combination of ( f2)(bok _1bok+1y, 9k 1 9141)-
We can say (f2)«(byr—1bas+1nq2649141) = 0. W
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