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Practice Problems

1. List two well-known random variables (B 25 HIFE &£ 2Y):
and

2. If we know , we can compute the probability of any
event relating to the random variable X.

3. BEHNARE

B, BRUE, FE S EIGE1E
cdf, pdf, S4B HHIE—

HIZ(E, R, XB— =
HAX, RLLEX, BRREERS
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Song M58 BARS, BHUE, PEHE HE) cdf, pdf, S EH P — HILE(E, SR

Random Variable (Song)

FER S E AR (=8B R)

AR, BRUE, BB EIGER
cdf, pdf, S0 ZHHiE—
HiLE(E, B RY, Xa— K=
BAX, KLEEX, WEREERST

sample point, real number, random variable connects them
cdf. pdf, ID the role they play

E(X), V(X), 1st and 2nd Moments

Markov, Chebyshev, P of tail events so easy.

TEEREABAENNS, RRIENIMT, UEREXERVEBRIDIRE,
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Song 50 #RARE, BRUE, FEMEEISEE  cdf, pdf, S13EHME

AR, EEUE, FE B G EIE
Ex. Flip a fair coin Xis >r,s eSS, relR

e Outcomes “H" or “T" @
e Compute P(“H")

XM=0y IXH=1 p

e Sample space: S= {H, T}

e Q:List one Advantage of Using the RV. X
e A:Quantitative (£1k)
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AR, BHE, REf

Express “Events” via R.V.

Event, E Event P(E) P(E)

Type (%) (=) (52%) (HB=)
1 {s:X(s) <x) {X < x} P({X < x}) P(X < x)
{s: X(s) <x} {X <x} P({X <x}) P(X < x)
{s:X(s) > x) {X > x} P({X > x}) P(X = x)
{s: X(s) = x} {X =x} P{X =x}) P(X =x)
{s: X(s) > x} {X > x} P{X > x}) P(X > x)

{sta=X(@s)=0b} fa=X=0b} P{a <X <b) Pla<X =<b)
{s:a < X(s) <b} {a<X <b} Pla< X <b}) P@a<X <b)
{s:a <X(s) <b} {fa <X <b} P({a <X <b)) Pla<X <b)
{s:a<X(s)<b} fa <X <b} P({a < X <b}) Pla< X <b)

© N LA WN

e Q:List more advantages of Using a Random Variable

e A: (1) Quantitative (£1t)

e A:(2) Simplify the expression for events (ex. Flip a fair coin twice, event
that one “H” appears: {(T,H), (H,T)}. Can we simply this expression?

e A:(3) All events can be expressed as one of the above 9 types or their
combinations

Random Variables



Song M5T HEAR, BHUE, B (fEEIE  cdf pdf, SDEAHIE— HAZEE

e S X, 55, B1%
|dentification (ID, :51%)

e cdf: Fx(x) =P(X <x)

e pmfor pdf:
Fx(x) = Fx (x7) =P(X =x), & X REHAEHEN
fx @) = dFy (x) B X AR E e
dx o

o mgf: Myx(r) = E(e'™)

Characteristics (B'4%)
e Moments (E)Z): Expected value, variance, skewness, and kurtosis,...
e quartiles (P92 {17 £X)
e Percentiles (57 I))
e Tail events probability (Eift#2R) : Markov and Chebyshev’s Inequalities

4

o IEEREPENESNHVERE D BN MR FRIF L, IRV BIAENR?
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5212 odf, pdf, BID@BMAIE—  HAE

ID 1: Fx(x), cdf of X
Definiton of Fyx(x)

Fx(x) =P(X < x)

type P(E) Via Fy (x)

1 P(X <x) Fx (x)

2 P(X <x) Fyx(x™)

3 P(X>=x)=1—-P(X <x) 1-Fy(x™)

4 P(X>x)=1—-P(X <x) 1—Fy(x)

5 P(X=x)=P(X <x)—-P(X <x) Fy(x)—Fyx(x™)
6 Pl@a<X<b)y=P(X <b)-P(X <a) Fx(b)— Fy(a™)
7 Pla<X<b)=P(X<b)—P(X <a) Fx (b) — Fx (a)

8 Pla<X <b)=P(X <b)—P(X <a) Fx (™) —Fx(a™)
9 Pla<X <b)=P(X <b)—P(X <a) Fx (b™)— Fx(a)

e Q:Why can Fx(x) play the role of “ID"?

e A:With Fx(x), we can compute the probability of any event
relating to X
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Song ;M  * 5, 8 , , pdf, BB HEE— HIZE(S, &

ID 2: fx(x), pmf or pdf of X
Definiton of fyx(x)

Fy(x)— Fx(x7) =P(X =x), & X 3B AIRUBEH B
fx&) =

i X ® = X BEERE

type P(E) discrete continuous

1 P(X <x) > fx JE oo Fx (dy
y<x

2 P(X <x) > fx» oo Fx (dy
y<x

3 P(X > x) 1= X fx(» 1= [X fxdy

y<x
4 PX > x) 1= Y fx0) 1= X fxdy
y=x

5 P(X =x) Fx 0 0 (why?)

6 Pla<X<h Y o [P rxoay
asy=b

7 Pla<X<b) Y ;P rxomay
a<y<b

8 Pa<X<b) Y fxo»  J2rxmdy
a<y<b

9 Pla <X <b) Y ox»m [P rxody
a<y<b

e A:With fx(x), we can compute the probability of any event
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HEEE  cdf,pdf, SPBEEHIE—  BL(E, BRH

Fx(x) and fx(x)

discrete R.V.s continous R.V.s

o fx(x)=Fx(x)— Fx(x™) =P(X = x) o i) = dFx(x)
o Fx(@) =Y, fx(® dx

o Fx(a) = [, fx(x)dx

Fx(x) fx (x)

o 1 Fx(x) fsz:((x)

03k o ot

! x 0.2 x 0.2

o 1 2 o 1 2 ° xu"yyzlas‘,x

(a) cdf (b) pmf | " @cdf  (b)pdf |

e Discussion. The use of plots
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cdf, pdf, 53 4 PEE—

Match Fx(x) with fx(x)

fx() Fx() ..
.'M,x r;i.mx
@ m
Sx(x) Fx(x) .
M AAAAA X S x
®) 0)
Jx(0) F(x).
NEIRERI S I X
© @)

e Match: (a, 2), (b, 3), (c, 1)
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cdf, pdf, SR B HHE—

Match Fx(x) with fx(x) (conti.)

fx (%) Fx (x)
1 1
X X
(a) (1)
fx (%) Fx(x)
1 1
X f X
(b) (2)
Sx(x) Fx (x)
1
(c) (3)

e Match: (a, 3), (b, 1), (c, 2)
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HLE, BRY, RB—_EEE

HIZE(E, B RS, XB—_[E3=

Characteristics (B'%) of random variables

e Moments (E)2): E(X¥) or E[(X — pux)¥]; Expected value,
variance, skewness, and kurtosis, ...

e quartiles (U DM#): q; = P(X < ¢;) >0.25,i =1,2,3
e Percentiles (B2 i1£))

e Tail events probability (EBimnZs{+#2:) : Markov and
Chebyshev’s Inequalities

e Process capacity measures (RI28E761R): C), C i, . . - (text
8.3)
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BIX, KLUEEX, BERREEHRS

HAUX, REEX , BRREERS

e Markov’s Inequality: Suppose that Y is a non-negative
random variable and E(Y) < oo. For any positive real
number a > 0, we have

P(Yza)fy
a

e Chebyshev’s Inequality: Let X be any random variable with
E(X) < 00, 04 < co. Foranyk > 0,

P(1X — ux| > koy) < 1/k?

e With Markov’s and Chebyshev’s Inequality, but without cdf or pdf,
we can get the probability upper bounds of some events.
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BIX, KLUEEX, BERREEHRS

Well-Known Random Variables

& ABP
Geometric: Hypergeometric Bernoulli Standard Discret Discrete Unifor
failures (p) (N, K.n) Uniform (n) (ZasenesTn)
=01, o = max{n N + 15,00, ) z=0,1 N

i) [N
X = n- ; ]
A c, K/N=p\ S € e=1 A
(M [ £
Geometric: & —1 | Pascal, Negative Binomial | np— [ Poison Equal-Spaced
trials (p) [ Binomial (k, p) (n.p) ntoo ) Uniform (a.b.) 1
@r=12.. g%l T=kk+1,.. om | B8 =0,1,2. T=aate.b )

T -
—kp) 1 X-mp

i —— i
e
-2

1
]

'

i

L i e — v St
ptoX Student's t, X Chi-Squared Y |

h . t(v) — (v} '

i —o<z<on) WU x>0 A

T N i

In(X/m)lfa  lim (X —aB)/</aR? ! Y= !

AS & ‘ B ~ n-oo © |
_ !

Y Log Normal Camma Triangular | !

(m.a) (a,5) (a,mb) | |

>0 >0 a<s<ba) 1

]

a=1 ‘ (X1 + Xa) /2, iid !

AS me (a2 :

Exponential !

(8) |

r>0 o

Aw(l-x) ]

e Reference: Relationships among 25 Distributions (Song, W.-M. T. and Chen, Yi-chun (2011),
Eighty Univariate Distributions and their Relationships Displayed in a Matrix Format, IEEE
Transactions on Automatic Control, Vol. 56, No. 8, pp. 1979-1984.)
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BIX, KLUEEX, BERREEHRS

More questions

o 1. RZTENFFRY “BEHRES (=8B H), ARABIBIESE, 8 —BUL
NAEESBENRE SHAEHR?

o 2. RPIFREE “FEAEE S BVINFI?

o 3. REDECHWE Fy(x) BDECHEN fx(x) ZERBT? DBIAAT
HEFRBZ.

o A TFIR Fx(x) B fx(x) P MERKR, iBHRANE/N\R, HO?

o 5 RIEDEHERDE NIRRT —H—0URR, [FFHEIFTERER
DECHE? QR HBRERRE DB IE? LRI,

o 6. 9H—BBERFHIREME S, (hint: 0RFEME S X REEREDE,
BIFEREH I RN X REREREHE )

e 7.If we know cdf Fy, or pdf fx, we can compute the probability of
any event relating to the random variable X.

o BESE [EH MKRMFTRIBE=S, McGrawHill kg, 2007
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