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3-3 Point group and space group

A. Point group

Crystal symmetry

1. Symbols of the 32 three dimensional point groups

General Triclinic Monoclinic Tetragonal | Trigonal | Hexagonal Cubic
symbol 1" setting
X 1 2 4 3 6 23
X 2=m 4 6
even
X + centre 1 2/m 4/m 3 6/m m3
Include X =
odd order 2/m 3
Monoclinci | Orthorhombic
2" setting
X2 2 =12 222 422 32 622 432
Xm m = 1m mm2 4mm 3m 6mm
X2 or 42m 6m?2 43m
Xm
even
X2 + centre | 2/m mmm 4/mmm 3m 6/mmm m3m
Xm +centre = = = = =
Include ¥m 2/m2/m2/m | 4/m2/m 3 2/m 6/m 2/m 4/m 3 2/m
odd order 2/m 2/m

Rotation axis X

Rotation-Inversion axis X

Ratation axis with mirror plane normal to it X/m

Rotation axis with diad axis (axes) normal to it X2

Rotation axis with mirror plane (planes) parallel to it Xm

Rotation-inversion axis with diad axis (axes) normal to it X2

Rotation-inversion axis with mirror plane (planes) parallel to it Xm

Rotation axis with mirror plane (planes) normal to it and mirror plane

(planes) parallel to it X/mm
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2. Order of positions in the symbols of the three dimensional point

groups as applied to lattices

1% setting: z-axis unique

2" setting: y-axis unique

N

+
1% setting

System and Position in point group symbol Stereographic

point group Primary Secondary Tertiary representation

Triclinic Only one symbol which denotes all directions in

1, 1 the crystal. @ +y
+x

Monoclinic The symbol gives the nature of the unique diad

2,m,2/m axis (rotation and/or inversion).

+y

*¥

2" setting

Orthorhombic | Diad (rotation Diad (rotation | Diad (rotation
222, mm2, and/or and/or and/or G +y
mmm inversion) inversion) inversion)

along x-axis along y-axis along z-axis o
Tetragonal Tetrad Diad (rotation | Diad (rotation
4, 4,4/m, 422, | (rotation and/or and/or +z +y
4mm, 42m, and/or inversion) inversion)
4/mmm inversion) along x- and along [110] e

along z-axis y-axes and [110] axis
Trigonal and Triad or hexad | Diad (rotation | Diad (rotation U
Hexagonal (rotation and/or and/or
3, 3,32,3m, and/or inversion) inversion) *f
3m, 6, 6, 6/m, | inversion) along x-, y- normal to x-, +x
622, 6mm, along z-axis and u-axes y-, U-axes in
6m2, 6/mmm the plane

(0001)

Cubic Diads or tetrad | Triads Diads
23, m3, (rotation (rotation (rotation
432,43m, and/or and/or and/or
m3m inversion) inversion) inversion)

along <100> along <111> | along <110>

axes axes axes
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The 32 three dimensional point groups
Stereograms of poles of equivalent directions and symmetry elements
of the 32 point groups (z-axis is normal to the paper in all drawings)

General | Triclinic Monoclinic (1% Tetragonal
Symbol setting)
(G ERIOION SIS
1 2 4
even o/ = #
® kJ w
m= 2 4
o @ :
®
centre )
X = ®
odd 1 2/m 4/m
Monoclinic (2nd Orthorhombic
setting)

IROIS OIS LSE

d OIS etez

mm?2
X2 or . T
)_(m b ——
(e
42m

X2 + o o | @.@
centre & ®

r ™ & |® w -
Xm |
+centr Mmm =2/m 2/m 2/m

4/mmm =4/m 2/m

€ 2/m

Xm
odd
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VAVAVAY
SR YA YA
RV, Vay
3 6/m

A

elllo L

verk oS
even . »ﬁ
o o
Xm % % : \/4»
jcentre Im = 3 2/m 6/mmm = 6/m2/m2/m | m3m=4/m 3 2/m
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Examples of point group operation
#1 Point group 222

D

(1) At a general position [x y z], the symmetry is 1
Multiplicity = 4

A,

xyz] ¥z xyz]
xyz] PP £8 |

__ O

xyal

xyzl

(2) At a special position [100], the symmetry is 2.
Multiplicity = 2

g

At a special position [010], the symmetry is 2.
Multiplicity = 2

e

At a special position [001], the symmetry is 2.
Multiplicity = 2

-
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™ (T
AN

(1) At a general position [xy z], the symmetry is 1
Multiplicity = 4

#2 Point group

Point group £

. ; wi2£° .
[xy 2] L v 2]
[}{YZ], ENE
L ] L ]
ot [V 20 2]
[y % z]\® UEEIRN
L} »
xy 2] [#y z]

(2) At a special position [001], the symmetry is 4.
Multiplicity = 1

.
-‘]|E [001]

#3 Point group

4
IR
Bui —
oint group 4 . o +
Y

(1) At a general position [xy z], the symmetry is 1
Multiplicity = 4

D @

[#y 2] [y z]

ezl %7 z]

. *
[¥ # 1] [¥ % 3]
[yii] "
L ]

[y z] [xy 2]
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(2) At a special position [001], the symmetry is 4.
Multiplicity = 1

[001]

3. Transformation of vector components
Original vector is P =[p;, p, psl= [x,z]
l.e.
P=x%+ yy+27Z
When symmetry operation transform the original axes(®, ¥, 2) to the
new axes (x, y', z')
New vector after transformation of axes becomes P’ = [P, P2, P's] =
[u,v, w]
l.e.
P =u¥ + vy +wz'
The angular relations between the axes may be specified by drawing
up a table of direction cosines.

Old axes
X v 7
New X a1 - cosx'R ao- cos>?§/ a3 - cosx'2
axes y' ar - cosf’f( ax - cos37’§/ ars - cosf’i
z a3l = cosz'% az - cosi\’ff as3 - cosz'2
Then
U=X%*COSXX+y*CoSx'§ + z*cosx'Z
ie.

p'1 =ay; * Py tagp xpy + a3 *p3
In a dummy notation

!

P1 = a5 *D;
Similarly

P2 = Az * Py

p 3 = azj * Py
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Le.
p'i = ajj * Py
Moreover, by repeating the argument for the reverse transformation
and we have
x=u*cos@+v*cos§f’;’2+ W*COS;;;’Z
p1 = aj1 * p,j
Similarly,
P2 = a2 * p’j
P3 = aj3 * p’j

n

i.e. “old” intermsof “new

pPi = aj; * p,j
For example:
#1 Point group 4
Z y . . 7
xyz]
x [xyz]
;
Z
- Y - = Y
[y ¥ 7] [y ¥ z]
L
X Ty 2]
The direction cosines for the first operation is
Old axes
X 3 2
New )?: - 5\7 a;1-=-0 a;p-—1 aiz-=-0
axes y= % an-1 an-0 an-0
E’: A az1-0 ap-0 asz-1

After symmetry operation, the new position is [x y z] in new axes
We can express it in old axes by

_ o !
Pi =35 *Pj =D *aji

-l ol

Therefore, the new positionis [y x z] in old axes.
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B.

Space group

1. The 230 crystallographic 3D space groups

You may find a list of the 230 space groups from Wikipedia, the free

encyclopedia.

Symmetry elements in space group

(1) Point group

(2) Translation symmetry + point group

Translational symmetry operations

A Symbol of symmetry planes

Symbol | Symmetry Graphic symbol Nature of glide
plane Normal to Parallel to translation
plane of plane of
projection projection
m Reflection None
plane (mirror)
a,b Axial glide a/2 along [100] or 2/b
plane along [010];
or along <100>
C None ¢/2 along z-axis;
or (a+b+c)/2 along
[111] on rhombohedral
axes
n Diagonal glide (a+b)/2 or (b+c)/2 or
plane (c+a)/2;
Or (a+b+c)/2
(tetragonal and cubic)
d “Diamond” (axb)/4 or (b+c)/4 or (c
glide plane ta)/4;
Or (azb=*c)/4

(tetragonal and cubic)
See Note #1
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Note #1:Inthe “diamond” glide plane the glide translation is half of the
resultant of the two possible axial glide translations. The arrow in the first
diagram show the direction of the horizontal component if the translation
when the z-component is positive. In the second diagram the arrow
shows the actual direction of the glide translation; there is always another
diamond-glide reflection plane parallel to the first with a height
difference of 1/4 and the arrow pointing along the other diagonal of the
cell face.

Glide planes

---- translation plus reflection across the glide plane

* axial glide plane (glide plane along axis)
---- translation by half lattice repeat plus reflection

---- three types of axial glide plane

i. aglide, bglide, cglide (a, b, ¢
1 . 1 . L
Ealong line in plane = (Ealong line parallel to projection

plane)

e.g. bglide
@‘l‘

--- graphic symbol for the axial glide plane along y axis

cf  mirror (m)

— graphic symbol for mirror



MS2041 lecture notes for educational purpose only

*If the axial glide plane is % normal to projection plane, the

graphic symbol change to Al C

A\ 4
<
o

ol

O‘l‘ X a

cglide glide plane L 7 axis
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*If bglide planeis L 2 axis,

P
e

y
X
glide plane symbol [
L 4
kB
o O O

0

underneath the glide plane
*cglide % along z axis
or

a+b+c along [111] on rhombohedral axis

Diagonal glide (n)
a+b b+c a+c a+b+c

2 «~ 2 .« 2 or 2 (tetragonal, cubic system)
If glide plane is perpendicular to the drawing plane

(xy plane), the graphic symbol is
If glide plane is parallel to the drawing plane, the graphic

N

Diamond glide (d)
a+b a+b+c

symbol is

4 or 4  (tetragonal, cubic system)
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B Symbols of symmetry axes
symbo | Symmetr | Graphi | Naturof | symbo | Symmetr | Graphi | Natur of
I y axis C right- I y axis C right-
symbol | handed symbol | handed
screw screw
translatio translatio
n along n along
the axis the axis
1 Rotation | none none 4 Rotation ’ none
monad tetrad
1 Inversion - none 44 Screw ,‘/ c/4
monad tetrads
2 Rotation N none 4, § 2c/4
diad Normal
to paper 4 \§\ 3c/4
— 4 Inversion | 4 none
Parallel tetrad
to paper
21 Screw j c/2 6 Rotation ® none
diad Normal | €ither hexad
to paper | a/2 orc/2
. 61 Screw ,i, c/6
Parallel hexads
to paper 62 b’ 2¢/6
3 Roation A none 63 f 3¢/6
triad
3, Screw e /3 64 \‘ 4c/6
3, triad VEREE 65 % 5¢/6
3 Inversion | none 6 Inversion | @& none
triad hexad
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i All possible screw operations
*screw axis --- translation T plus rotation

screw R, along c axis
= counterclockwise rotation (360/R)° + translation (n/R)c

+ i
_'_o_ 7 _O_

2 2,

</ R xRy
O+ Y St A=
—O/ \ %_O/ \ 3t /

3 3, 3,

©F Og+ O3+
= paiellp VI *O 1i0

O— O_ o_ & [
_o‘ i_o| %—o| ;—o‘

4 4, 4, 4,
LSee O hon
e, e —e—.

o/ o\ ?—0;;_0\ ?'O/%_O\

6 6, 6;
R TR TR A
2 . _. 2 .__

SN O o O 1o\ ©
Lo ?‘O%_O\ L0
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Space group: 230

(1) Symmorphic space group is defined as a space group that may be
specified entirely by symmetry operation acting at a common point
(the operations need not involvet) as well as the unit cell translation

* 73 symmorphic space groups

Crystal system Bravais lattice Space group
Triclinic p P1, P1
Monoclinic P P2, Pm, P2/m
BorA B2, Bm B2/m (1% setting)
Orthorhombic P P222, Pmm2, Pmmm
C,AorB C222, Cmm2, Amm2*, Cmmm
| 1222, Imm2, Immm
F F222, Fmm2, Fmmm
Tetragonal P P4, P4, P4/m, P4mm

P422m, PA4m2*, P4/mmm
14,14, 14/m, 1422, 14Amm

142m, 14m2*, 14/mmm

Cubic P P23, Pm3, P432, P43m, Pm3m
[ 123, 1m3, 1432, 143m, Im3m
F F23, Fm3, F432, F43m, Fm3m
Trigonal P P3, P3, P312, P321* P3m1l
P31m* P31m, P3m1*
(Rhombohedral) R R3, R3, R32, R3m, R3m
Hexagonal P P6, P6, P6/m, P622, P6mm

P6 m2, P6 2m*, P6/mmm

(2) Nonsymmorphic space group is defined as a space group involving at

least a translationt
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Examples
Space group P1
P1 No. 1 P1 1 Triclinic
Ci
ﬂ' A
[+ L
Originon 1
Number | Wyckoff | Point Coordinates of equivalent Condition
of notation | symmetry | positions limiting
positions possible
reflections
1 a 1 XY, Z No
conditions
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Space group P1

P1 No. 2 P1 1 Triclinic
c
a) )
[+1 LT fg"’
O - +/ /
fal L2
Originon 1
Number | Wyckoff | Point Coordinates of equivalent Condition
of notation | symmetry | positions limiting
positions possible
reflections
2 i 1 X,Y,2;% 9 Z General:
No
conditions
1 h 1 EREA Special:
_ 2 2 2
1 11
1 g - 0 > No
1 f 1 % 0, % conditions
1 e 1 tlo
_ 2" 2
1 d 1 ~0,0
1 c 1 0,20
1 b 1 0,0, ;
1 a 1 0,0,0
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Space group P112

Pé}z No. 3 P112 2 Monoclinic
2
+ L] T
7 Y
*0 'L _'x’
= e .

Ist setting Origin on 2; unique axis ¢

Number | Wyckoff | Point Coordinates of equivalent Condition

of notation | symmetry | positions limiting possible

positions reflections

2 e 1 XVY.2 X V.2 General:
hkl
{hkO}
001

No conditions
1 d 2 11z Special:
2 2

1 2 % 0,2 No conditions

1 b 2 0, 22

1 a 2 0,0z
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Space group P121

Pgl No. 3 P121 2 Monoclinic
2
- -
o O — —_—
— —
g: g: — —
Origin on 2; unique axis b 2" setting
Number | Wyckoff | Point Coordinates of equivalent Condition
of notation | symmetry | positions limiting possible
positions reflections
2 e 1 XY,z XY Z General:
hkl
o
0kO
No conditions
1 d 2 % Y, % Special:
1 2 % y, 0 No conditions
2 1
1 b 0.y 3
1 a 2 0,y,0
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Space group P112;

12221 No. 4 P112, 2 Monoclinic
2
ST
%*0 Q'/_Q_f
e kel
Ist setting Origin on 2;; unique axis ¢
Number | Wyckoff | Point Coordinates of equivalent Condition
of notation | symmetry | positions limiting possible
positions reflections
2 a 1 XY,z % § § +7 General:
hkl: No
conditions
hkO: No
conditions
00l: I=2n
Explanation:

#1 Consider the diffraction condition from plane (h k 0)
Two atoms atXx, y, z; %, §, 3 +Z
The diffraction amplitude F can be expressed as

F = Z fi % e—Zni[hkl]*[xyz]

i
— z fi " e—Zni[hkO]*[xyz]
i

= f; x e72milhkolxyz] 4 ¢, g-2milhkol+[x ¥ 1/2 +2]
f, x e-2mi(hx+ky) 4 £ g=2mi(-hx—ky)

f * (e—ZTti(hx+ky) + e21'ti(hx+ky))

f; * (2 cos(2mi(hx + ky)))

2f;

Therefore, no conditions can limit the (h, k, 0) diffraction.
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#2 For the planes (00l)
Two atoms atx, y,z, %, ¥, %+z

The diffraction amplitude F can be expressed as

F = Z fi % e—Zni[hkl]*[xi Vi Zil

i
_ Z £, + e-2mI0 0 11+[x; y; 2]

i
— fi % e—21ti[001]*[xyz] + fi % e—Zni[Ool]*[)_( ¥V 1/2 +z]

_ fi « e—Z‘ITilZ n fi N e—2ni(%+lz)
= f; * e—2milz (1 + e—T[il)
= fix(1+e™)

If I=2n, then F=2f;
If [=2n+1, then F=0
Therefore, the condition I=2n limit the (0, 0 ,1) diffraction.
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Space group P12;1

12221 No. 4 P12;1 2 Monoclinic
2
T = o T -
o - o T -
Origin on 2;; unique axis b 2 setting
Number | Wyckoff | Point Coordinates of equivalent Condition
of notation | symmetry | positions limiting possible
positions reflections
2 a 1 XV, Z % %+y, Z General:
hkl: No
conditions
hol: No
conditions
0kO: k=2n
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Space group B112

B2 No.5 B112 2 Monoclinic
3
s o
ST L
@oé' .;_.i_
Ist setting Origin on 2; unique axis ¢
Number | Wyckoff | Point Coordinates of equivalent Condition
of notation | symmetry | positions limiting possible
positions reflections
4 ' 1 XY,7Z % V2 General:
hkl: h+1=2n
hkO: h=2n
00l: I=2n
2 b 2 0, 22 Special:
2 a 2 0,0z as above only
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Space group P4/m 3 2/m

Pm3m No. 221 P4/m 3 2/m m3m Cubic
h
07
Ist setting Origin at centre; m3m
Number | Wyckoff | Point Coordinates of equivalent Condition
of notation | symmetry | positions limiting possible
positions reflections
48 n 1 XY.Zi ZXY: YiZX X ZY: Y X2 ZY X General:
X VZZXY Y ZX X, T Y XL 2y, % hkl
XY, 7% 4% §,2X%5 X2, Y% 2y, X hhl{No
X922 7,XY, VX X 7Y, V.X 2, 2, § X, Okl o
XV.Z XV, V.75 X%V, X% Z V. X conditions
X, V.Z Z, XY, VX X Z, Y, VXZ ZY.X
X,¥2 2,XY VZX XZY, ¥,XZ 2,5 X
XY 2% XY VX XY VX2 YK
24 m M XX Zi ZX X XZ X X, X 2,2, %, X X, Z, X, Special:
X, X ZZXXXZX XX7Z7ZXX X 27X No COI’]ditiOﬂS
X,X7Z 7,XX X27,X XXZ7XX XZX
XX 7Z Z,XX XZ7X XXZ7ZXZX X7ZX
1 1, 1 1 1
24 M ,y,z, Z, ,y, YiZi5 2N Y5z 2y
2t iz 1 gl z gyt
RN A EA N R A ALS
1 1 s Llo o 1o T
,y, ; Z, .y, Y75 54 Y Vi % LY.y
1, 1 - =1 —1
9.7 555 V0% 5T V% 195
24 k M 0y.z;z0y:y,20;0zy,y,0,z; 2y,0;
037 70,3 ¥.20,077¥,0, 70,7 77,0;
0y.% 7,0,y; v.20;0Zy, y.0,Z 7y,0;
05,z 20,7 720,025, 7.0,z z5,0;
12 j mm SXK XK XXX KX XK,
1 -1 1.1 _ . 1 _ _ 1
S RE R SK XX SRK XK KX
2 2 2 2 2 2
12 i mm 0.x.%; %,0,% xx0; 0,x, % %0,x X, X,0;
0,%% %0,% %%0;,0%x x0,%%x0;
1A, 1,1 1,1 1
12 h mm X, E’O’ 0.x, b ;,O,X,X,O, 7 EIX,O,O, 7%
%-0,0,%%20,%%0,% %00,
2 2 2 2 2 2
8 g 3m XXX XE X XXX, REX;
RRE RXX KKK XXX
11, 1_1, 11,
6 f 4mm Xy 3% 5%
gll 1ol 11
Ry 3% g%
6 e 4mm x,0,0; 0,x,0; 0,0,x;
%,0,0; 0,%0; 0,0,
1 1 1
3 d 4/mmm E’O’O’ 01;0/ O’O’E
11, 141, 11
3 C 4/mmm O,;,;, ;,O,;, ;@0
111
1 b m3m 275
1 a m3m 0,00




Space group P4/m 3 2/m

#1 Simple cubic
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The usage of space group for crystal structure identification

Number of | Wyckoff Point Coordinates of equivalent positions
positions notation symmetry
1 A m3m 0,0,0
#2 CsCl structure
atoms Number of | Wyckoff Point Coordinates of equivalent
positions notation symmetry positions
Cl 1 a m3m 0,00
Cs 1 b m3m 1, 1, 1
2 2 2
#3 BaTiOs structure
atoms Number of | Wyckoff Point Coordinates of equivalent
positions notation symmetry positions
Ba 1 a m3m 0,00
Ti 1 b m3m 3, 1, 1
2 2 2
O 3 C 4/mmm 0, % %

o

N RN |-
SHE
O Ni-




